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Tomographic wave-front reconstruction is the main computational bottleneck to realize real-time correc-
tion for turbulence-induced wave-front aberrations in future laser-assisted tomographic adaptive-optics
(AO) systems for ground-based Giant Segmented Mirror Telescopes (GSMT), because of its unprece-
dented number of degrees of freedom, N, i.e. the number of measurements from wave-front sensors
(WFS). In this paper, we provide an efficient implementation of the minimum-mean-square error (MMSE)
tomographic wave-front reconstruction mainly useful for some classes of AO systems not requiring a
multi-conjugation, such as laser-tomographic AO (LTAO), multi-objcet AO (MOAO) and ground-layer
AO (GLAO) systems, but also applicable to multi-conjugate AO (MCAO) systems. This work expands
that by R. Conan [ProcSPIE, 9148, 91480R (2014)] to the multi-wave-front, tomographic case using natural
and laser guide stars. The new implementation exploits the Toeplitz structure of covariance matrices used
in a MMSE reconstructor, which leads to an overall O(N log N) real-time complexity compared to O(N2)
of the original implementation using straight vector-matrix multiplication. We show that the Toeplitz-
based algorithm leads to 60 nm rms wave-front error improvement for the European Extremely Large
Telescope Laser-Tomography AO system over a well-known sparse-based tomographic reconstruction,
but the number of iterations required for suitable performance is still beyond what a real-time system
can accommodate to keep up with the time-varying turbulence.
© 2018 Optical Society of America
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1. INTRODUCTION
The tomographic wave-front reconstruction (WFR) in adaptive-
optics (AO) systems using multiple guide-stars (GS) and wave-
front sensors (WFS) represents a computational challenge for
real-time atmospheric turbulence correction at a few hundreds
to thousands Hertz frame-rates. This is especially so for AO
systems in future giant segmented mirror telescopes (GSMT)
with primary diameters in the 20 m–40 m range, because of its
unprecedented number of degrees of freedom, N, i.e. the num-
ber of measurements from WFSs. A flurry of methods has been
developed, providing reduced complexity algorithms that could
accelerate simulation of large systems and later be mapped onto
real-time computers [1–6].
The tomographic WFR problem can be divided into two steps:
i) the estimation of the wave-front in the pupil plane along GS
directions and ii) the three-dimensional estimation in the turbu-
lence volume from its projections. Efficient methods to solve for
the first step are for instance the Fourier-domain reconstructor
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[1, 2] and more recently [3] that promise to decrease the com-
putational complexity from its original O(N2) to respectively
O(N log(N)) and O(N). Work reviewed in Ramlau et al [4] falls
under this category.
A somewhat different path has been followed by others in
that an explicit minimum-mean-square error (MMSE) residual
cost-functional is solved for leading to formulations that are
amenable to sparse representations under some reasonable ap-
proximations (and therefore to efficient computational recon-
struction methods). The most representative examples are re-
viewed in Ellerbroek et al [5], with some more additions along
the same lines from [6] using a fractal approximation of the
regularizing stratified phase covariance term.
More recently, for some classes of AO systems not requiring
multi-conjugation, it has been noted that the MMSE reconstruc-
tion can be further simplified if we skip the explicit estimation
of the 3D wave-front profiles to estimate instead the pupil-plane
wave-front in the directions of interest only [7–10] (hereinafter,
referred to as spatio-angular WFR), which is suitable for multi-
object AO (MOAO), laser-tomography AO (LTAO) and option-
ally ground-layer AO (GLAO) systems. The spatio-angular WFR
doesn’t require any approximation and thus can provide more
accurate estimation than the sparse reconstructor. However, for
large-scale systems, this explicit formulation requires instan-
tiating huge covariance matrices with the overall complexity
remaining O(N2) which is still a cause of computational bottle-
neck.
An efficient implementation of the spatio-angular WFR is pro-
posed by R. Conan [10] for a natural GS (NGS) based classical
single-conjugate AO system (SCAO). This implementation re-
duces the computational complexity to O(N log(N)) from its
original O(N2) by exploiting the Toeplitz structure of the covari-
ance matrices. In this paper we generalize this method to the
tomographic system using NGSs and laser GSs (LGS). Especially
for tomographic systems with multiple LGSs, we develop a way
to deal with the spatial sampling change at high altitudes due to
the cone effect of LGSs and the removal of low-order modes not
measurable by LGSs, whilst keeping the Toeplitz structure of the
covariance matrices. In passing, although this is not the main
motivation of this paper, in doing so we can show that MCAO
systems are also covered by the implementation presented here.
This paper is organized as follows. In §2 we review the re-
construction formulations and the fast implementations they are
amenable to when considering large systems for GSMT. We give
a thorough account of the development of a spatio-angular WFR
algorithm exploiting the Toeplitz block structure of the recon-
structor matrices. In §3 we compare performance on 8 m class
telescopes by analytic and Monte-Carlo, physical-optics simu-
lations and extend to the European Extremely Large Telescope
in §4. In §5, the real time readiness of the Toeplitz algorithm
using parallel computing with graphical processing unit (GPU)
is discussed. Final discussion and remarks are laid out in §6.
2. TOMOGRAPHIC WAVE-FRONT RECONSTRUCTION
We assume a situation shown in Fig.1, where the atmospheric
turbulence is expressed as Nlayer thin turbulent layers at mul-
tiple altitudes hk (k = 1, · · · , Nlayer), and the phase aberration
on the atmospheric layer grids (circle symbols in Fig.1) is noted
as ϕ. This term is referred to as the layered phase. The tomo-
graphic computation is made based on Ngs GSs in directions
of αj = (αxj , α
y
j ) (j = 1, · · · , Ngs) using measurements from Ngs
WFSs with DM corrections applied over Ntarget target directions
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Fig. 1. Schematic figure of the assumed situation with Nlayer
turbulence layers, Ngs GSs and Ntarget targets. The layered
phase grids of Nlayer turbulence layers are represented by the
circles. The cross symbols show the directional phase grid in a
GS direction αj. The target direction is denoted by βi.
βi (i = 1, · · · , Ntarget). The directional phase φαj is integrated
on the pupil-plane by ray-tracing the layered contributions ϕ
and interpolating at the intercepts. In other words, the phase
values of the propagating wave-fronts (cross symbols in Fig.1)
are interpolated from ϕ using a bi-linear interpolation matrix
Pαj ,k at hk [11], and the final wave-front phase at pupil-plane is
given by an integration over altitudes, i.e.
φαj = Pαjϕ=
Nlayer
∑
k=1
Pαj ,kϕ, (1)
WFS measurements are modeled by a linear WFS operator G
and a noise vector η as
sαi ,η = GPαiϕ+ η, (2)
where sαi = GPαiϕ is denoted as the noiseless measurement
component. The concatenation of measurements from all Ngs
WFSs is denoted by sα,η.
In the remainder of the paper, variables with a hat symbol
represent an estimated quantity, Σxy represents auto- and cross-
covariance matrices of the vectors indicated in subscript, i.e.
Σxy = 〈xy〉 where 〈·〉 stands for ensemble average over time.
A. Minimum Mean Square Error reconstruction
We will address MMSE reconstructors which minimize the
aperture-plane residual wave-front error in a single direction
which is given by the Euclidean norm L2 over the telescope
pupil Ω of the difference between the input and the correction
phases
σ2βi =
∣∣∣∣∣∣φβi − φ̂βi ∣∣∣∣∣∣2L2(Ω) . (3)
where the estimated directional phase φ̂βi = Rβi sα with the
reconstructor matrix Rβi minimizing
Rβi = arg minRβi
〈
σ2βi
〉
. (4)
for the direction of optimization βi by solving for ∂σ2/∂Rβi = 0.
According to the Marechal’s approximation for the Strehl ratio
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i.e. SR ≥ (1− σ2/2)2, minimizing Eq.(3) is equal to maximize
image quality in terms of the Strehl ratio.
The MMSE solution was developed in [12, 13] and others re-
maining general and applicable to multi-conjugate AO (MCAO)
systems, which requires an explicit estimation of the layered
phaseϕ for the multiple DM conjugation:
R = Σϕsα
(
Σsαsα + Σηη
)−1 (5)
= ΣϕϕPTα G
T
(
GPαΣϕϕPTα G
T + Σηη
)−1
(6)
= (PTα G
TΣ−1ηη GPα + Σ−1ϕϕ)−1PTα GTΣ−1ηη . (7)
The reconstructor for the directional phase in Eq.(4) is given
by Rβi = PβiR. Although the WFR is followed by the fitting
process to determine commands sent to DM(s) [11], in this paper
we focus only on the WFR process.
For LGSs-based systems the removal of low-order modes
(tip/tilt/focus) needs be taken into account in the reconstructor
because these modes are not measurable by LGSs. We will
address this point later in §2.
B. Sparse reconstructor formulations
It has early been recognized that the formulation of Eq.(7) is
amenable to a sparse representation in an attempt to reduce
the computational burden with iterative implementations [13]
since the number of operations in a matrix-vector multiplication
(MVM) with a sparse matrix is proportional to the number of
non-zero elements in the matrix. The directional phase is esti-
mated iteratively using the formulation of Eq.(7) divided into
the following three steps:
ζ = PTα G
TΣ−1ηη sαi ,η (8)
and a layered phase estimation ϕ̂with an iterative method
(PTα G
TΣ−1ηη GPα + Σ−1ϕϕ)ϕ̂= ζ (9)
thus avoiding inverting explicitly (PTα GTΣ−1ηη GPα + Σ−1ϕϕ) which
would cause both off-line issues to compute and store the matrix
and on-line increased burden since it is a full matrix. Finally,
the phase is ray-traced to the aperture φ̂βi = Pβiϕ̂, using a low
complexity step, since only 4 elements per phase sample per
layer have non-zero values [11].
Assuming the use of Shack-Hartmann WFS (SH-WFS) with a
subaperture size of d, measurements are the spatial derivatives
of the wave-front averaged on each subaperture. The linear SH-
WFS operator G admits a discrete approximation from uniform
3× 3 stencils [14] given by
stencil(G)x =
1
2d

−1/4 0 1/4
−1/2 0 1/2
−1/4 0 1/4
 (10)
stencil(G)y = stencil(G)Tx (11)
and therefore has only 6 non-zero elements per subaperture. The
noise covariance matrix is generally considered as a diagonal
matrix by assuming a zero-mean additive Gaussian noise. In the
LGSs case, although x- and y-measurements are correlated due
to the spot elongation, only 3 central diagonals have non-zero
values [15]. The inverse covariance matrix of the layered phase
Σ−1ϕϕ is a dense matrix but it can be approximated as a sparse
matrix with a discrete Laplacian operator L as Σ−1ϕϕ ≈ LTL [13].
C. Spatio-angular tomographic formulation
We now enter the core matter of this paper. We start from the
formulation in Eq.(5) to estimate the directional phase. The di-
rectional phase φβi is directly connected with the measurements
sα,η through the covariance matrix Σφβi sα = PβiΣϕsα , and the
explicit estimation of the layered phase is circumvented, thus al-
lowing us to make the size of the reconstruction matrix compact.
The required covariance matrices are derived theoretically
along with the measurement model. The slope-slope and phase-
slope covariance matrices are computed through numerical
integration [16] or the fast Fourier transform (FFT) [7]. Ap-
proximated measurement models are also proposed for the fast
computation of the covariance matrices [8]. In this paper, we
investigate three measurement models to derive the theoretical
covariance matrices: the accurate FFT model, Hudgin-like model
and Fried model. The details of the models are summarized in
Appendix. The Hudgin-like model and Fried model define a
measurement with two and four discrete phase points, respec-
tively. Although models defining a measurement with more
than 4 points would give better approximations, these models
result in more computations and loose their advantage for a
fast computation. Therefore, we only focus on the Hudgin-like
model and Fried model as fast approximated gradient models
in this paper.
The iterative implementation of Eq.(5) is given by the follow-
ing two steps: (
Σsαsα + Σηη
)
ζ = sα,η (12)
and
φ̂βi = Σφβi sαζ, (13)
where ζ in Eq.(12) is computed iteratively. As it stands it re-
quires a MVM per iteration which is prohibitive. Therefore, a
fast algorithm for the MVM with these covariance matrices is
necessary. In the rest of §2, we investigate how it can be suitably
mapped into an efficient runtime algorithm.
D. Toeplitz Structure in Covariance Matrices
An efficient implementation for solving Eq.(12) has been pro-
posed by R. Conan [10] for large-scale NGS-based SCAO systems
by exploiting the Toeplitz structure of the covariance matrices.
Here, we show how these structure is kept in a tomographic
setting.
In order to avoid an overly complicated notation, sα,η, sα and
sαi are simplified into sη, s and si, respectively. In addition, we
only focus on one target direction β, which is a case of LTAO
systems. For multiple target cases such as MOAO systems,
WFR for each target direction is performed in parallel. The
number of subapertures and phase points in one SH-WFS are
n × n and (n + 1) × (n + 1), and the geometric arrangement
of the measurement and the phase points shown in Fig.2 as
n = 4. First, a square aperture without vignetted subapertures
is assumed. The impact of more complicate apertures, such as
circular and annular, on the Toeplitz covariance matrix will be
discussed in 2.F.
Slope-Slope Covariance Matrix
As shown in Fig.3, the slope-slope covariance matrix Σss is de-
composed into Ngs × Ngs blocks, and the (i, j)-th block can also
be decomposed into 2× 2 components:
Σsisj =
Θxi ,xj Θxi ,yj
Θyi ,xj Θyi ,yj
 . (14)
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Fig. 2. Schematic figure showing a geometry of measurements
(arrows) and phase points (circles) for SH-WFS as n = 4. The
dashed lines shows the telescope pupil on the WFS detector.
The gray vignetted subapertures and the filled phase points
are not taken into account in the WFR.
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<latexit sha1_base64="30GnAEt2YV+eJ1V/HWn7VrCzb1g=">AAACmni cSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1M z8tMy0xOLAEKxQuIxiTlVseEZKSWJMZXV8Zn6lTGZ9XWxgsoG+gZgIECJsMQylBmgIKAfIHtDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUA MViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz9 8lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzcbjniSgW4AhBowgQ/TowGSEGek ZGugZBpooOzhBo4qDQZpBiUEDGB/mDA4MHgwBDKFA86sZFjKsYljNJMPkxOTJ5A1RysQI1SPMgAKYQgCpMJjr</latexit><latexit sha1_base64="30GnAEt2YV+eJ1V/HWn7VrCzb1g=">AAACmni cSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1M z8tMy0xOLAEKxQuIxiTlVseEZKSWJMZXV8Zn6lTGZ9XWxgsoG+gZgIECJsMQylBmgIKAfIHtDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUA MViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz9 8lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzcbjniSgW4AhBowgQ/TowGSEGek ZGugZBpooOzhBo4qDQZpBiUEDGB/mDA4MHgwBDKFA86sZFjKsYljNJMPkxOTJ5A1RysQI1SPMgAKYQgCpMJjr</latexit><latexit sha1_base64="30GnAEt2YV+eJ1V/HWn7VrCzb1g=">AAACmni cSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1M z8tMy0xOLAEKxQuIxiTlVseEZKSWJMZXV8Zn6lTGZ9XWxgsoG+gZgIECJsMQylBmgIKAfIHtDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUA MViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz9 8lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzcbjniSgW4AhBowgQ/TowGSEGek ZGugZBpooOzhBo4qDQZpBiUEDGB/mDA4MHgwBDKFA86sZFjKsYljNJMPkxOTJ5A1RysQI1SPMgAKYQgCpMJjr</latexit><latexit sha1_base64="30GnAEt2YV+eJ1V/HWn7VrCzb1g=">AAACmni cSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1M z8tMy0xOLAEKxQuIxiTlVseEZKSWJMZXV8Zn6lTGZ9XWxgsoG+gZgIECJsMQylBmgIKAfIHtDDEMKQz5DMkMpQy5DKkMeQwlQHYOQyJDMRBGMxgyGDAUA MViGaqBYkVAViZYPpWhloELqLcUqCoVqCIRKJoNJNOBvGioaB6QDzKzGKw7GWhLDhAXAXUqMKgaXDVYafDZ4ITBaoOXBn9wmlUNNgPklkognQTRm1oQz9 8lEfydoK5cIF3CkIHQhdfNJQxpDBZgt2YC3V4AFgH5Ihmiv6xq+udgqyDVajWDRQavge5faHDT4DDQB3llX5KXBqYGzcbjniSgW4AhBowgQ/TowGSEGek ZGugZBpooOzhBo4qDQZpBiUEDGB/mDA4MHgwBDKFA86sZFjKsYljNJMPkxOTJ5A1RysQI1SPMgAKYQgCpMJjr</latexit>
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<latexit sha1_base64="kVyD+MoPZ7k3CsE+IXYHBBtl5q8=">AAACoXi chVE9T9tQFD2YUiilJcBSqQwRFlWn6LqqBGJCsNAtJIREipFlu4/wFH/JfokEVhZG/kCHTq1UqVWnduEHsPQPdOAnVIwgdenAtWOpgqjptZ7feefdc995 7zqRJxNFdDmhTT6Yejg982j28dyTp/OlhcX9JOzFrmi4oRfGLcdOhCcD0VBSeaIVxcL2HU80ne52tt/siziRYbCnjiNx4NudQB5K11ZMWaVl0/FTsy47v m2lZnQkLdMRyi4nljEYWCWdKpRHeRQYBdBRRDUsncPEW4Rw0YMPgQCKsQcbCX9tGCBEzB0gZS5mJPN9gQFmWdvjLMEZNrNd/nd41S7YgNdZzSRXu3yKxy NmZRmr9JO+0DX9oK/0i/78s1aa18i8HPPsDLUisubPntV//1fl86xw9Fc11rPCIdZzr5K9RzmT3cId6vsn767rG7XV9AV9pCv2/4Eu6YJvEPRv3E+7ovZ +jB+HvfCLcYOM++0YBfuvKgZVjN3X+uZW0aoZPMcKXnI/1rCJHVTR4Pqn+Ixv+K7p2hutqtWGqdpEoVnCndDatwXIm5Q=</latexit><latexit sha1_base64="kVyD+MoPZ7k3CsE+IXYHBBtl5q8=">AAACoXi chVE9T9tQFD2YUiilJcBSqQwRFlWn6LqqBGJCsNAtJIREipFlu4/wFH/JfokEVhZG/kCHTq1UqVWnduEHsPQPdOAnVIwgdenAtWOpgqjptZ7feefdc995 7zqRJxNFdDmhTT6Yejg982j28dyTp/OlhcX9JOzFrmi4oRfGLcdOhCcD0VBSeaIVxcL2HU80ne52tt/siziRYbCnjiNx4NudQB5K11ZMWaVl0/FTsy47v m2lZnQkLdMRyi4nljEYWCWdKpRHeRQYBdBRRDUsncPEW4Rw0YMPgQCKsQcbCX9tGCBEzB0gZS5mJPN9gQFmWdvjLMEZNrNd/nd41S7YgNdZzSRXu3yKxy NmZRmr9JO+0DX9oK/0i/78s1aa18i8HPPsDLUisubPntV//1fl86xw9Fc11rPCIdZzr5K9RzmT3cId6vsn767rG7XV9AV9pCv2/4Eu6YJvEPRv3E+7ovZ +jB+HvfCLcYOM++0YBfuvKgZVjN3X+uZW0aoZPMcKXnI/1rCJHVTR4Pqn+Ixv+K7p2hutqtWGqdpEoVnCndDatwXIm5Q=</latexit><latexit sha1_base64="kVyD+MoPZ7k3CsE+IXYHBBtl5q8=">AAACoXi chVE9T9tQFD2YUiilJcBSqQwRFlWn6LqqBGJCsNAtJIREipFlu4/wFH/JfokEVhZG/kCHTq1UqVWnduEHsPQPdOAnVIwgdenAtWOpgqjptZ7feefdc995 7zqRJxNFdDmhTT6Yejg982j28dyTp/OlhcX9JOzFrmi4oRfGLcdOhCcD0VBSeaIVxcL2HU80ne52tt/siziRYbCnjiNx4NudQB5K11ZMWaVl0/FTsy47v m2lZnQkLdMRyi4nljEYWCWdKpRHeRQYBdBRRDUsncPEW4Rw0YMPgQCKsQcbCX9tGCBEzB0gZS5mJPN9gQFmWdvjLMEZNrNd/nd41S7YgNdZzSRXu3yKxy NmZRmr9JO+0DX9oK/0i/78s1aa18i8HPPsDLUisubPntV//1fl86xw9Fc11rPCIdZzr5K9RzmT3cId6vsn767rG7XV9AV9pCv2/4Eu6YJvEPRv3E+7ovZ +jB+HvfCLcYOM++0YBfuvKgZVjN3X+uZW0aoZPMcKXnI/1rCJHVTR4Pqn+Ixv+K7p2hutqtWGqdpEoVnCndDatwXIm5Q=</latexit><latexit sha1_base64="kVyD+MoPZ7k3CsE+IXYHBBtl5q8=">AAACoXi chVE9T9tQFD2YUiilJcBSqQwRFlWn6LqqBGJCsNAtJIREipFlu4/wFH/JfokEVhZG/kCHTq1UqVWnduEHsPQPdOAnVIwgdenAtWOpgqjptZ7feefdc995 7zqRJxNFdDmhTT6Yejg982j28dyTp/OlhcX9JOzFrmi4oRfGLcdOhCcD0VBSeaIVxcL2HU80ne52tt/siziRYbCnjiNx4NudQB5K11ZMWaVl0/FTsy47v m2lZnQkLdMRyi4nljEYWCWdKpRHeRQYBdBRRDUsncPEW4Rw0YMPgQCKsQcbCX9tGCBEzB0gZS5mJPN9gQFmWdvjLMEZNrNd/nd41S7YgNdZzSRXu3yKxy NmZRmr9JO+0DX9oK/0i/78s1aa18i8HPPsDLUisubPntV//1fl86xw9Fc11rPCIdZzr5K9RzmT3cId6vsn767rG7XV9AV9pCv2/4Eu6YJvEPRv3E+7ovZ +jB+HvfCLcYOM++0YBfuvKgZVjN3X+uZW0aoZPMcKXnI/1rCJHVTR4Pqn+Ixv+K7p2hutqtWGqdpEoVnCndDatwXIm5Q=</latexit>
Slope-Slope Covariance	 Phase-Slope Covariance	
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<latexit sha1_base64="PTrngaLzB8JbU0tZmkGXlCC4C5Y="> AAACoXichVG7ThtBFD1sCHEI4E3SRAqFFYuIyrqLkIKorKQhnR8xIHnRancZzOB9aXdsyVm5SZkfoEgVJCQQFWnyAWnyAyn4hIgSJB qKXK9XiggK3NXsnDlzz50zc53Ik4kiOpvQHkw+nHpUeDz9ZGZ2rqg/fbaehL3YFS039MJ407ET4clAtJRUntiMYmH7jic2nO670f5GX 8SJDIMPahCJLd/uBHJHurZiytLnTcdPzabs+LaVmtGutExHKLuUWHvDoaWXqUJZlG4DIwdl5FEL9e8wsY0QLnrwIRBAMfZgI+GvDQO EiLktpMzFjGS2LzDENGt7nCU4w2a2y/8Or9o5G/B6VDPJ1C6f4vGIWVnCAv2iY7qgn3RCv+n6v7XSrMbIy4BnZ6wVkVX8/KJ5da/K51 lh96/qTs8KO1jJvEr2HmXM6BbuWN//uH/RXG0spK/pgM7Z/1c6ox98g6B/6R7WRePLHX4c9sIvxg0y/m3HbbC+VDGoYtSXy9W3easK eIlXWOR+vEEVa6ihxfU/4Qin+KaVtfdaTWuMU7WJXPMcN0Jr/wF/WpvN</latexit><latexit sha1_base64="PTrngaLzB8JbU0tZmkGXlCC4C5Y="> AAACoXichVG7ThtBFD1sCHEI4E3SRAqFFYuIyrqLkIKorKQhnR8xIHnRancZzOB9aXdsyVm5SZkfoEgVJCQQFWnyAWnyAyn4hIgSJB qKXK9XiggK3NXsnDlzz50zc53Ik4kiOpvQHkw+nHpUeDz9ZGZ2rqg/fbaehL3YFS039MJ407ET4clAtJRUntiMYmH7jic2nO670f5GX 8SJDIMPahCJLd/uBHJHurZiytLnTcdPzabs+LaVmtGutExHKLuUWHvDoaWXqUJZlG4DIwdl5FEL9e8wsY0QLnrwIRBAMfZgI+GvDQO EiLktpMzFjGS2LzDENGt7nCU4w2a2y/8Or9o5G/B6VDPJ1C6f4vGIWVnCAv2iY7qgn3RCv+n6v7XSrMbIy4BnZ6wVkVX8/KJ5da/K51 lh96/qTs8KO1jJvEr2HmXM6BbuWN//uH/RXG0spK/pgM7Z/1c6ox98g6B/6R7WRePLHX4c9sIvxg0y/m3HbbC+VDGoYtSXy9W3easK eIlXWOR+vEEVa6ihxfU/4Qin+KaVtfdaTWuMU7WJXPMcN0Jr/wF/WpvN</latexit><latexit sha1_base64="PTrngaLzB8JbU0tZmkGXlCC4C5Y="> AAACoXichVG7ThtBFD1sCHEI4E3SRAqFFYuIyrqLkIKorKQhnR8xIHnRancZzOB9aXdsyVm5SZkfoEgVJCQQFWnyAWnyAyn4hIgSJB qKXK9XiggK3NXsnDlzz50zc53Ik4kiOpvQHkw+nHpUeDz9ZGZ2rqg/fbaehL3YFS039MJ407ET4clAtJRUntiMYmH7jic2nO670f5GX 8SJDIMPahCJLd/uBHJHurZiytLnTcdPzabs+LaVmtGutExHKLuUWHvDoaWXqUJZlG4DIwdl5FEL9e8wsY0QLnrwIRBAMfZgI+GvDQO EiLktpMzFjGS2LzDENGt7nCU4w2a2y/8Or9o5G/B6VDPJ1C6f4vGIWVnCAv2iY7qgn3RCv+n6v7XSrMbIy4BnZ6wVkVX8/KJ5da/K51 lh96/qTs8KO1jJvEr2HmXM6BbuWN//uH/RXG0spK/pgM7Z/1c6ox98g6B/6R7WRePLHX4c9sIvxg0y/m3HbbC+VDGoYtSXy9W3easK eIlXWOR+vEEVa6ihxfU/4Qin+KaVtfdaTWuMU7WJXPMcN0Jr/wF/WpvN</latexit><latexit sha1_base64="PTrngaLzB8JbU0tZmkGXlCC4C5Y="> AAACoXichVG7ThtBFD1sCHEI4E3SRAqFFYuIyrqLkIKorKQhnR8xIHnRancZzOB9aXdsyVm5SZkfoEgVJCQQFWnyAWnyAyn4hIgSJB qKXK9XiggK3NXsnDlzz50zc53Ik4kiOpvQHkw+nHpUeDz9ZGZ2rqg/fbaehL3YFS039MJ407ET4clAtJRUntiMYmH7jic2nO670f5GX 8SJDIMPahCJLd/uBHJHurZiytLnTcdPzabs+LaVmtGutExHKLuUWHvDoaWXqUJZlG4DIwdl5FEL9e8wsY0QLnrwIRBAMfZgI+GvDQO EiLktpMzFjGS2LzDENGt7nCU4w2a2y/8Or9o5G/B6VDPJ1C6f4vGIWVnCAv2iY7qgn3RCv+n6v7XSrMbIy4BnZ6wVkVX8/KJ5da/K51 lh96/qTs8KO1jJvEr2HmXM6BbuWN//uH/RXG0spK/pgM7Z/1c6ox98g6B/6R7WRePLHX4c9sIvxg0y/m3HbbC+VDGoYtSXy9W3easK eIlXWOR+vEEVa6ihxfU/4Qin+KaVtfdaTWuMU7WJXPMcN0Jr/wF/WpvN</latexit>
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Fig. 3. Schematic figure showing the structure of the slope-
slope covariance Σss (left) and the phase-slope covariance
Σφβs (right).
where Θp,q = 〈spsTq 〉 (p = xi, yj, q = xj, yj) with size n2 × n2.
Under the assumption of statistically isotropic and homoge-
neous atmospheric turbulence, a covariance value between two
slopes depends only on the spatial separation between the two
subapertures. Thanks to this fact, Θp.q are a two-level Recur-
sive Block Toeplitz (2RBT) matrix, which has n× n blocks in a
Toeplitz arrangement and each block is a Toeplitz matrix with
size n× n, as shown in Fig.4 as n = 4. A Toeplitz matrix with
size n× n are fully defined with (2n− 1) elements in its first
row and column. Therefore, Θp.q has (2n− 1) unique blocks
with (2n− 1) unique elements, and hence can be defined only
with (2n− 1)2 elements (elements surrounded by the red dashed
line in Fig.4), instead of the full elements of n4. As a result, the
slope-slope covariance matrix Σss, containing 4N2gs of Θp.q, can
be compressed into 4N2gs(2n − 1)2 elements from 4N2gsn4 full
elements. The compression factor, which is a ratio of the number
of unique elements to the total number of elements in the matrix,
of the slope-slope covariance matrix is (2n− 1)2n−4 and shown
in Fig.5 (solid line) as function of n. The memory requirements
to store the slope-slope covariance matrix is reduced by 6× 10−4
when n = 80 by the Toeplitz nature of the covariance matrix.
It must be noted that the Toeplitz structure in a covariance
matrix Σxy holds when the spatial sampling of x and y is the
same. The light from a NGS at an infinite altitude propagates
through the atmosphere along parallel rays; the spatial sam-
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Fig. 4. Slope-slope covariance matrix Θ in a case with 4×4
lenslet array. The elements in the red dashed lines are unique
elements defining the 2RBT matrix.
pling of the slope is equal to the subaperture diameter d over
all altitudes. On the other hand, the light from a LGS at a fi-
nite altitude hlgs propagates spherically along paths creating a
cone and hence the spatial sampling changes with altitude hk by
dk = d(hlgs − hk)/hlgs, i.e. the so-called cone effect. Therefore,
a slope-slope covariance matrix between a NGS and a LGS or
LGSs at different altitudes (e.g. a sodium LGS and a Rayleigh
LGS) is not a 2RBT matrix. This non-Toeplitz structure can also
be observed on the phase-slope covariance matrix Σφβs even if
we use only LGSs at the same altitude, because the optimization
is done for a star located at infinity (parallel rays) but the spatial
sampling of φβ is different from s. This is a key point of this
paper and we will discuss how to overcome this limitation for
LGSs-based systems in the next section. We note that in doing
so, MCAO systems can also be addressed by out developments.
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Fig. 5. Compression factor (a ratio of the number of unique
elements to the total number of elements in the matrix) for Σss
(solid line) and Σφβs (dashed line for NGSs case and dotted
line for LGSs case). For the LGSs-based, Ngs = 6 and Nlayer =
10 are assumed.
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Fig. 6. Phase-slope covariance matrix Ξ in a case with 4×4
lenslet array. The geometry of the measurements and the re-
constructed phase is shown in Fig.2. The elements in the red
dashed lines is unique elements defining the 2RBT matrix.
Phase-Slope Covariance Matrix
As shown in Fig.3, the phase-slope covariance matrix Σφs has
1× Ngs blocks and each block is decomposed into two matrices,
Σφsj =
[
Ξxj Ξyj
]
, (15)
where Ξq = 〈φsTq 〉 with size (n + 1)2 × n2, following the geo-
metric arrangement shown in Fig.2.
For NGSs-based tomographic AO systems, Ξq is a 2RBT ma-
trice with (n + 1) × n Toeplitz block in (n + 1) × n Toeplitz
arrangement. The number of unique elements in Ξq is 4n2 in
contrast with (n + 1)2n2 full elements, as shown in Fig.6 as
n = 4 As a result, the phase-slope covariance matrix Σφs for
NGSs-based systems can be defined with 8Ngsn2 unique ele-
ments instead of 2Ngs(n+ 1)2n2 full elements. The compression
factor for Σφβs in NGSs-based systems is given by 4(n + 1)
−2,
and the memory requirements is reduced by 6× 10−4 as n = 80
(Fig.5).
As mentioned in the previous section, Ξq is not Toeplitz ma-
trix for LGSs-based systems due to the spatial sampling variation
by the cone effect, as shown in the top panel of Fig.7. In order
to overcome this issue, we introduce a new phase vector φ′β,k
for the k-th layer with the same spatial sampling as the LGS
slope i.e. dk = d(hlgs − hk)/hlgs, as shown in the bottom panel
of Fig.7. The number of the new phase points is defined n′k × n′k
to cover all the original phase points. More points are required
at higher altitudes, and the minimum number of n′k is roughly
given by n′k = nd/dk = nhlgs/(hlgs − hk). The new phase vec-
tor is connected to the original phase vector through a bi-linear
Phase grid	
Slope grid	
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dk
<latexit sha1_base64="SvVWoQD0AK44e5RyGJxkw4f9gDA=">AAAChXichVG 7SgNBFD1ZXzE+ErURbMQQsQo3Enw1Bm0s1RgjaAi76xiX7IvdTSAGf0CwNYWVgoX4AX6AjT9gkU8Qywg2Ft5sFkSD8S6zc+bMPXfOzFVsXXM9omZI6usfGBwKD0dG RsfGo7GJyX3XqjiqyKmWbjkHiuwKXTNFztM8XRzYjpANRRd5pbzZ3s9XheNqlrnn1WxRMOSSqZ1oquwxlT0ulouxOCXJj9lukApAHEFsW7FHHOEYFlRUYEDAhMdYh wyXv0OkQLCZK6DOnMNI8/cFzhFhbYWzBGfIzJb5X+LVYcCavG7XdH21yqfoPBxWziJBL3RPLXqmB3qlzz9r1f0abS81npWOVtjF6MV09uNflcGzh9NvVU/PHk6w4nv V2LvtM+1bqB199azRyq7tJurzdEtv7P+GmvTENzCr7+rdjti97uFHYS/8Ytyg1O92dIPcYnI1STvpeGYj6FQYM5jDArdjGRlsYRs5Ll/CJa7QkMJSUkpLS51UKRRo pvAjpPUvCtaQjA==</latexit><latexit sha1_base64="SvVWoQD0AK44e5RyGJxkw4f9gDA=">AAAChXichVG 7SgNBFD1ZXzE+ErURbMQQsQo3Enw1Bm0s1RgjaAi76xiX7IvdTSAGf0CwNYWVgoX4AX6AjT9gkU8Qywg2Ft5sFkSD8S6zc+bMPXfOzFVsXXM9omZI6usfGBwKD0dG RsfGo7GJyX3XqjiqyKmWbjkHiuwKXTNFztM8XRzYjpANRRd5pbzZ3s9XheNqlrnn1WxRMOSSqZ1oquwxlT0ulouxOCXJj9lukApAHEFsW7FHHOEYFlRUYEDAhMdYh wyXv0OkQLCZK6DOnMNI8/cFzhFhbYWzBGfIzJb5X+LVYcCavG7XdH21yqfoPBxWziJBL3RPLXqmB3qlzz9r1f0abS81npWOVtjF6MV09uNflcGzh9NvVU/PHk6w4nv V2LvtM+1bqB199azRyq7tJurzdEtv7P+GmvTENzCr7+rdjti97uFHYS/8Ytyg1O92dIPcYnI1STvpeGYj6FQYM5jDArdjGRlsYRs5Ll/CJa7QkMJSUkpLS51UKRRo pvAjpPUvCtaQjA==</latexit><latexit sha1_base64="SvVWoQD0AK44e5RyGJxkw4f9gDA=">AAAChXichVG 7SgNBFD1ZXzE+ErURbMQQsQo3Enw1Bm0s1RgjaAi76xiX7IvdTSAGf0CwNYWVgoX4AX6AjT9gkU8Qywg2Ft5sFkSD8S6zc+bMPXfOzFVsXXM9omZI6usfGBwKD0dG RsfGo7GJyX3XqjiqyKmWbjkHiuwKXTNFztM8XRzYjpANRRd5pbzZ3s9XheNqlrnn1WxRMOSSqZ1oquwxlT0ulouxOCXJj9lukApAHEFsW7FHHOEYFlRUYEDAhMdYh wyXv0OkQLCZK6DOnMNI8/cFzhFhbYWzBGfIzJb5X+LVYcCavG7XdH21yqfoPBxWziJBL3RPLXqmB3qlzz9r1f0abS81npWOVtjF6MV09uNflcGzh9NvVU/PHk6w4nv V2LvtM+1bqB199azRyq7tJurzdEtv7P+GmvTENzCr7+rdjti97uFHYS/8Ytyg1O92dIPcYnI1STvpeGYj6FQYM5jDArdjGRlsYRs5Ll/CJa7QkMJSUkpLS51UKRRo pvAjpPUvCtaQjA==</latexit>
New phase grid	
dk
<latexit sha1_base64="SvVWoQD0AK44e5RyGJxkw4f9gDA=">AAAChXichVG 7SgNBFD1ZXzE+ErURbMQQsQo3Enw1Bm0s1RgjaAi76xiX7IvdTSAGf0CwNYWVgoX4AX6AjT9gkU8Qywg2Ft5sFkSD8S6zc+bMPXfOzFVsXXM9omZI6usfGBwKD0dG RsfGo7GJyX3XqjiqyKmWbjkHiuwKXTNFztM8XRzYjpANRRd5pbzZ3s9XheNqlrnn1WxRMOSSqZ1oquwxlT0ulouxOCXJj9lukApAHEFsW7FHHOEYFlRUYEDAhMdYh wyXv0OkQLCZK6DOnMNI8/cFzhFhbYWzBGfIzJb5X+LVYcCavG7XdH21yqfoPBxWziJBL3RPLXqmB3qlzz9r1f0abS81npWOVtjF6MV09uNflcGzh9NvVU/PHk6w4nv V2LvtM+1bqB199azRyq7tJurzdEtv7P+GmvTENzCr7+rdjti97uFHYS/8Ytyg1O92dIPcYnI1STvpeGYj6FQYM5jDArdjGRlsYRs5Ll/CJa7QkMJSUkpLS51UKRRo pvAjpPUvCtaQjA==</latexit><latexit sha1_base64="SvVWoQD0AK44e5RyGJxkw4f9gDA=">AAAChXichVG 7SgNBFD1ZXzE+ErURbMQQsQo3Enw1Bm0s1RgjaAi76xiX7IvdTSAGf0CwNYWVgoX4AX6AjT9gkU8Qywg2Ft5sFkSD8S6zc+bMPXfOzFVsXXM9omZI6usfGBwKD0dG RsfGo7GJyX3XqjiqyKmWbjkHiuwKXTNFztM8XRzYjpANRRd5pbzZ3s9XheNqlrnn1WxRMOSSqZ1oquwxlT0ulouxOCXJj9lukApAHEFsW7FHHOEYFlRUYEDAhMdYh wyXv0OkQLCZK6DOnMNI8/cFzhFhbYWzBGfIzJb5X+LVYcCavG7XdH21yqfoPBxWziJBL3RPLXqmB3qlzz9r1f0abS81npWOVtjF6MV09uNflcGzh9NvVU/PHk6w4nv V2LvtM+1bqB199azRyq7tJurzdEtv7P+GmvTENzCr7+rdjti97uFHYS/8Ytyg1O92dIPcYnI1STvpeGYj6FQYM5jDArdjGRlsYRs5Ll/CJa7QkMJSUkpLS51UKRRo pvAjpPUvCtaQjA==</latexit><latexit sha1_base64="SvVWoQD0AK44e5RyGJxkw4f9gDA=">AAAChXichVG 7SgNBFD1ZXzE+ErURbMQQsQo3Enw1Bm0s1RgjaAi76xiX7IvdTSAGf0CwNYWVgoX4AX6AjT9gkU8Qywg2Ft5sFkSD8S6zc+bMPXfOzFVsXXM9omZI6usfGBwKD0dG RsfGo7GJyX3XqjiqyKmWbjkHiuwKXTNFztM8XRzYjpANRRd5pbzZ3s9XheNqlrnn1WxRMOSSqZ1oquwxlT0ulouxOCXJj9lukApAHEFsW7FHHOEYFlRUYEDAhMdYh wyXv0OkQLCZK6DOnMNI8/cFzhFhbYWzBGfIzJb5X+LVYcCavG7XdH21yqfoPBxWziJBL3RPLXqmB3qlzz9r1f0abS81npWOVtjF6MV09uNflcGzh9NvVU/PHk6w4nv V2LvtM+1bqB199azRyq7tJurzdEtv7P+GmvTENzCr7+rdjti97uFHYS/8Ytyg1O92dIPcYnI1STvpeGYj6FQYM5jDArdjGRlsYRs5Ll/CJa7QkMJSUkpLS51UKRRo pvAjpPUvCtaQjA==</latexit>
hNlayer
<latexit sha1_base64="i27iUNBkd2uQUvbIAMb/9FXOC6c=">AAACj3ichVHLSsNAFD3GV3226kZwUywV V+VWBKsLKbrRjVi1WtBSkjhtQ9MkJmmhhv6AP9CFGxVciB/gB7jxB1z4CeJSwY0Lb9OAqFhvmMyZM/fcOTNXsXTNcYmeeqTevv6BwdDQ8Mjo2Hg4MjG575g1WxVZ1dRNO6fIjtA1Q2RdzdVFzrKFXFV0caBU1tv7B3VhO5p p7LkNS+SrcsnQipoqu0zlywVvq+DpckPYzWYhEqME+RH9DZIBiCGIbTNyhyMcw4SKGqoQMOAy1iHD4e8QSRAs5vLwmLMZaf6+QBPDrK1xluAMmdkK/0u8OgxYg9ftmo6vVvkUnYfNyiji9Eg39EoPdEvP9PFnLc+v0fbS4F npaIVVCJ9N777/q6ry7KL8perq2UURKd+rxt4tn2nfQu3o66et192Vnbg3R1f0wv4v6Ynu+QZG/U29zoid8y5+FPbCL8YNSv5sx2+QXUgsJyizGEuvBZ0KYQazmOd2LCGNDWwjy+VP0MIFLqVJKSWtSulOqtQTaKbwLaTNT 82BlUM=</latexit><latexit sha1_base64="i27iUNBkd2uQUvbIAMb/9FXOC6c=">AAACj3ichVHLSsNAFD3GV3226kZwUywV V+VWBKsLKbrRjVi1WtBSkjhtQ9MkJmmhhv6AP9CFGxVciB/gB7jxB1z4CeJSwY0Lb9OAqFhvmMyZM/fcOTNXsXTNcYmeeqTevv6BwdDQ8Mjo2Hg4MjG575g1WxVZ1dRNO6fIjtA1Q2RdzdVFzrKFXFV0caBU1tv7B3VhO5p p7LkNS+SrcsnQipoqu0zlywVvq+DpckPYzWYhEqME+RH9DZIBiCGIbTNyhyMcw4SKGqoQMOAy1iHD4e8QSRAs5vLwmLMZaf6+QBPDrK1xluAMmdkK/0u8OgxYg9ftmo6vVvkUnYfNyiji9Eg39EoPdEvP9PFnLc+v0fbS4F npaIVVCJ9N777/q6ry7KL8perq2UURKd+rxt4tn2nfQu3o66et192Vnbg3R1f0wv4v6Ynu+QZG/U29zoid8y5+FPbCL8YNSv5sx2+QXUgsJyizGEuvBZ0KYQazmOd2LCGNDWwjy+VP0MIFLqVJKSWtSulOqtQTaKbwLaTNT 82BlUM=</latexit><latexit sha1_base64="i27iUNBkd2uQUvbIAMb/9FXOC6c=">AAACj3ichVHLSsNAFD3GV3226kZwUywV V+VWBKsLKbrRjVi1WtBSkjhtQ9MkJmmhhv6AP9CFGxVciB/gB7jxB1z4CeJSwY0Lb9OAqFhvmMyZM/fcOTNXsXTNcYmeeqTevv6BwdDQ8Mjo2Hg4MjG575g1WxVZ1dRNO6fIjtA1Q2RdzdVFzrKFXFV0caBU1tv7B3VhO5p p7LkNS+SrcsnQipoqu0zlywVvq+DpckPYzWYhEqME+RH9DZIBiCGIbTNyhyMcw4SKGqoQMOAy1iHD4e8QSRAs5vLwmLMZaf6+QBPDrK1xluAMmdkK/0u8OgxYg9ftmo6vVvkUnYfNyiji9Eg39EoPdEvP9PFnLc+v0fbS4F npaIVVCJ9N777/q6ry7KL8perq2UURKd+rxt4tn2nfQu3o66et192Vnbg3R1f0wv4v6Ynu+QZG/U29zoid8y5+FPbCL8YNSv5sx2+QXUgsJyizGEuvBZ0KYQazmOd2LCGNDWwjy+VP0MIFLqVJKSWtSulOqtQTaKbwLaTNT 82BlUM=</latexit>
...
<latexit sha1_base64="p8AsocHAZ0fJxI7vp6EMp90uLxE=" >AAACiHichVFNLwNRFD3Gt6LFRmLTaIhVcyuSqpWwsdTSatJKMzNea3Q6M5l5bVKNP2BlJ1iRWIgf4AfY+AMWfoJYkthYuJ1OIjS 4kzfvvPPuue+8dzXHNDxJ9NSj9Pb1DwwODY+ERsfGw5GJyZxn111dZHXbtN28pnrCNCyRlYY0Rd5xhVrTTLGjVdfb+zsN4XqGbW3 LpiN2a2rFMsqGrkqmcsXGni29UiRGcfIj2g0SAYghiE07coci9mBDRx01CFiQjE2o8PgrIAGCw9wuWsy5jAx/X+AII6ytc5bgDJX ZKv8rvCoErMXrdk3PV+t8isnDZWUUc/RIN/RKD3RLz/Txa62WX6Ptpcmz1tEKpxQ+nt56/1dV41li/0v1p2eJMpZ9rwZ7d3ymfQu 9o28cnr5urWTmWvN0RS/s/5Ke6J5vYDXe9Ou0yFz84UdjL/xi3KDEz3Z0g+xiPBWn9FJsdS3o1BBmMIsFbkcSq9jAJrJc/gAnOMO 5ElISSlJJdVKVnkAzhW+hrH0CZu+SCA==</latexit><latexit sha1_base64="p8AsocHAZ0fJxI7vp6EMp90uLxE=" >AAACiHichVFNLwNRFD3Gt6LFRmLTaIhVcyuSqpWwsdTSatJKMzNea3Q6M5l5bVKNP2BlJ1iRWIgf4AfY+AMWfoJYkthYuJ1OIjS 4kzfvvPPuue+8dzXHNDxJ9NSj9Pb1DwwODY+ERsfGw5GJyZxn111dZHXbtN28pnrCNCyRlYY0Rd5xhVrTTLGjVdfb+zsN4XqGbW3 LpiN2a2rFMsqGrkqmcsXGni29UiRGcfIj2g0SAYghiE07coci9mBDRx01CFiQjE2o8PgrIAGCw9wuWsy5jAx/X+AII6ytc5bgDJX ZKv8rvCoErMXrdk3PV+t8isnDZWUUc/RIN/RKD3RLz/Txa62WX6Ptpcmz1tEKpxQ+nt56/1dV41li/0v1p2eJMpZ9rwZ7d3ymfQu 9o28cnr5urWTmWvN0RS/s/5Ke6J5vYDXe9Ou0yFz84UdjL/xi3KDEz3Z0g+xiPBWn9FJsdS3o1BBmMIsFbkcSq9jAJrJc/gAnOMO 5ElISSlJJdVKVnkAzhW+hrH0CZu+SCA==</latexit><latexit sha1_base64="p8AsocHAZ0fJxI7vp6EMp90uLxE=" >AAACiHichVFNLwNRFD3Gt6LFRmLTaIhVcyuSqpWwsdTSatJKMzNea3Q6M5l5bVKNP2BlJ1iRWIgf4AfY+AMWfoJYkthYuJ1OIjS 4kzfvvPPuue+8dzXHNDxJ9NSj9Pb1DwwODY+ERsfGw5GJyZxn111dZHXbtN28pnrCNCyRlYY0Rd5xhVrTTLGjVdfb+zsN4XqGbW3 LpiN2a2rFMsqGrkqmcsXGni29UiRGcfIj2g0SAYghiE07coci9mBDRx01CFiQjE2o8PgrIAGCw9wuWsy5jAx/X+AII6ytc5bgDJX ZKv8rvCoErMXrdk3PV+t8isnDZWUUc/RIN/RKD3RLz/Txa62WX6Ptpcmz1tEKpxQ+nt56/1dV41li/0v1p2eJMpZ9rwZ7d3ymfQu 9o28cnr5urWTmWvN0RS/s/5Ke6J5vYDXe9Ou0yFz84UdjL/xi3KDEz3Z0g+xiPBWn9FJsdS3o1BBmMIsFbkcSq9jAJrJc/gAnOMO 5ElISSlJJdVKVnkAzhW+hrH0CZu+SCA==</latexit>
...
<latexit sha1_base64="p8AsocHAZ0fJxI7vp6EMp90uLxE=" >AAACiHichVFNLwNRFD3Gt6LFRmLTaIhVcyuSqpWwsdTSatJKMzNea3Q6M5l5bVKNP2BlJ1iRWIgf4AfY+AMWfoJYkthYuJ1OIjS 4kzfvvPPuue+8dzXHNDxJ9NSj9Pb1DwwODY+ERsfGw5GJyZxn111dZHXbtN28pnrCNCyRlYY0Rd5xhVrTTLGjVdfb+zsN4XqGbW3 LpiN2a2rFMsqGrkqmcsXGni29UiRGcfIj2g0SAYghiE07coci9mBDRx01CFiQjE2o8PgrIAGCw9wuWsy5jAx/X+AII6ytc5bgDJX ZKv8rvCoErMXrdk3PV+t8isnDZWUUc/RIN/RKD3RLz/Txa62WX6Ptpcmz1tEKpxQ+nt56/1dV41li/0v1p2eJMpZ9rwZ7d3ymfQu 9o28cnr5urWTmWvN0RS/s/5Ke6J5vYDXe9Ou0yFz84UdjL/xi3KDEz3Z0g+xiPBWn9FJsdS3o1BBmMIsFbkcSq9jAJrJc/gAnOMO 5ElISSlJJdVKVnkAzhW+hrH0CZu+SCA==</latexit><latexit sha1_base64="p8AsocHAZ0fJxI7vp6EMp90uLxE=" >AAACiHichVFNLwNRFD3Gt6LFRmLTaIhVcyuSqpWwsdTSatJKMzNea3Q6M5l5bVKNP2BlJ1iRWIgf4AfY+AMWfoJYkthYuJ1OIjS 4kzfvvPPuue+8dzXHNDxJ9NSj9Pb1DwwODY+ERsfGw5GJyZxn111dZHXbtN28pnrCNCyRlYY0Rd5xhVrTTLGjVdfb+zsN4XqGbW3 LpiN2a2rFMsqGrkqmcsXGni29UiRGcfIj2g0SAYghiE07coci9mBDRx01CFiQjE2o8PgrIAGCw9wuWsy5jAx/X+AII6ytc5bgDJX ZKv8rvCoErMXrdk3PV+t8isnDZWUUc/RIN/RKD3RLz/Txa62WX6Ptpcmz1tEKpxQ+nt56/1dV41li/0v1p2eJMpZ9rwZ7d3ymfQu 9o28cnr5urWTmWvN0RS/s/5Ke6J5vYDXe9Ou0yFz84UdjL/xi3KDEz3Z0g+xiPBWn9FJsdS3o1BBmMIsFbkcSq9jAJrJc/gAnOMO 5ElISSlJJdVKVnkAzhW+hrH0CZu+SCA==</latexit><latexit sha1_base64="p8AsocHAZ0fJxI7vp6EMp90uLxE=" >AAACiHichVFNLwNRFD3Gt6LFRmLTaIhVcyuSqpWwsdTSatJKMzNea3Q6M5l5bVKNP2BlJ1iRWIgf4AfY+AMWfoJYkthYuJ1OIjS 4kzfvvPPuue+8dzXHNDxJ9NSj9Pb1DwwODY+ERsfGw5GJyZxn111dZHXbtN28pnrCNCyRlYY0Rd5xhVrTTLGjVdfb+zsN4XqGbW3 LpiN2a2rFMsqGrkqmcsXGni29UiRGcfIj2g0SAYghiE07coci9mBDRx01CFiQjE2o8PgrIAGCw9wuWsy5jAx/X+AII6ytc5bgDJX ZKv8rvCoErMXrdk3PV+t8isnDZWUUc/RIN/RKD3RLz/Txa62WX6Ptpcmz1tEKpxQ+nt56/1dV41li/0v1p2eJMpZ9rwZ7d3ymfQu 9o28cnr5urWTmWvN0RS/s/5Ke6J5vYDXe9Ou0yFz84UdjL/xi3KDEz3Z0g+xiPBWn9FJsdS3o1BBmMIsFbkcSq9jAJrJc/gAnOMO 5ElISSlJJdVKVnkAzhW+hrH0CZu+SCA==</latexit>
h1
<latexit sha1_base64="BP2v3LRK0ACclo4UOTFFTEmM+e4=">AAAChXichVHLTsJAFD3UF+ID1I2JGyLR uCIXQ3xtJLpxKSJqooS0dYCG0jZtIUHiD5i4lYUrTVwYP8APcOMPuOATjEtM3LjwUpoYJeJtpnPmzD13zsxVLF1zXKJWQBoYHBoeCY6GxsYnJsORqekDx6zaqsiqpm7aR4rsCF0zRNbVXF0cWbaQK4ouDpXydmf/sCZsRzO NfbduiVxFLhpaQVNll6lMKZ/IR2IUJy+ivSDhgxj82DUjjzjBKUyoqKICAQMuYx0yHP6OkQDBYi6HBnM2I83bFzhHiLVVzhKcITNb5n+RV8c+a/C6U9Px1CqfovOwWRnFAr3QPbXpmR7olT7/rNXwanS81HlWulph5cMXs5 mPf1UVnl2UvlV9PbsoYM3zqrF3y2M6t1C7+tpZs53Z2FtoLNItvbH/G2rRE9/AqL2rd2mxd93Hj8Je+MW4QYnf7egF2eX4epzSyVhqy+9UEHOYxxK3YxUp7GAXWS5fxCWu0JSCUlxKSivdVCnga2bwI6TNL5hFkFY=</lat exit><latexit sha1_base64="BP2v3LRK0ACclo4UOTFFTEmM+e4=">AAAChXichVHLTsJAFD3UF+ID1I2JGyLR uCIXQ3xtJLpxKSJqooS0dYCG0jZtIUHiD5i4lYUrTVwYP8APcOMPuOATjEtM3LjwUpoYJeJtpnPmzD13zsxVLF1zXKJWQBoYHBoeCY6GxsYnJsORqekDx6zaqsiqpm7aR4rsCF0zRNbVXF0cWbaQK4ouDpXydmf/sCZsRzO NfbduiVxFLhpaQVNll6lMKZ/IR2IUJy+ivSDhgxj82DUjjzjBKUyoqKICAQMuYx0yHP6OkQDBYi6HBnM2I83bFzhHiLVVzhKcITNb5n+RV8c+a/C6U9Px1CqfovOwWRnFAr3QPbXpmR7olT7/rNXwanS81HlWulph5cMXs5 mPf1UVnl2UvlV9PbsoYM3zqrF3y2M6t1C7+tpZs53Z2FtoLNItvbH/G2rRE9/AqL2rd2mxd93Hj8Je+MW4QYnf7egF2eX4epzSyVhqy+9UEHOYxxK3YxUp7GAXWS5fxCWu0JSCUlxKSivdVCnga2bwI6TNL5hFkFY=</lat exit><latexit sha1_base64="BP2v3LRK0ACclo4UOTFFTEmM+e4=">AAAChXichVHLTsJAFD3UF+ID1I2JGyLR uCIXQ3xtJLpxKSJqooS0dYCG0jZtIUHiD5i4lYUrTVwYP8APcOMPuOATjEtM3LjwUpoYJeJtpnPmzD13zsxVLF1zXKJWQBoYHBoeCY6GxsYnJsORqekDx6zaqsiqpm7aR4rsCF0zRNbVXF0cWbaQK4ouDpXydmf/sCZsRzO NfbduiVxFLhpaQVNll6lMKZ/IR2IUJy+ivSDhgxj82DUjjzjBKUyoqKICAQMuYx0yHP6OkQDBYi6HBnM2I83bFzhHiLVVzhKcITNb5n+RV8c+a/C6U9Px1CqfovOwWRnFAr3QPbXpmR7olT7/rNXwanS81HlWulph5cMXs5 mPf1UVnl2UvlV9PbsoYM3zqrF3y2M6t1C7+tpZs53Z2FtoLNItvbH/G2rRE9/AqL2rd2mxd93Hj8Je+MW4QYnf7egF2eX4epzSyVhqy+9UEHOYxxK3YxUp7GAXWS5fxCWu0JSCUlxKSivdVCnga2bwI6TNL5hFkFY=</lat exit>
hk
<latexit sha1_base64="kBPpy6MGnxWAeu0jhxFsTTZfe3Q=">AAAChXichVG7SgNBFD1ZX/EdtRFsxBCx CjcivhpFG8uYuCpECbvrJC7ZF7uTgAZ/QLDVwkrBQvwAP8DGH7DIJ4ilgo2FN5sFUTHeZXbOnLnnzpm5umeZgSRqxJSOzq7unnhvX//A4NBwYmR0O3CrviFUw7Vcf1fXAmGZjlClKS2x6/lCs3VL7OiV9eb+Tk34gek6W/L IE/u2VnbMkmlokqn8YbFSTCQpTWFM/gaZCCQRRdZN3GMPB3BhoAobAg4kYwsaAv4KyIDgMbePOnM+IzPcFzhBH2urnCU4Q2O2wv8yrwoR6/C6WTMI1QafYvHwWTmJFD3RLb3SI93RM338Wase1mh6OeJZb2mFVxw+Hc+//6 uyeZY4/FK19SxRwmLo1WTvXsg0b2G09LXji9f8ci5Vn6ZremH/V9SgB76BU3szbjZF7rKNH5298ItxgzI/2/EbqLPppTRtziVX16JOxTGBKcxwOxawig1koXL5Ms5wjgslrqSVOWW+larEIs0YvoWy8gkTWpCQ</latexit ><latexit sha1_base64="kBPpy6MGnxWAeu0jhxFsTTZfe3Q=">AAAChXichVG7SgNBFD1ZX/EdtRFsxBCx CjcivhpFG8uYuCpECbvrJC7ZF7uTgAZ/QLDVwkrBQvwAP8DGH7DIJ4ilgo2FN5sFUTHeZXbOnLnnzpm5umeZgSRqxJSOzq7unnhvX//A4NBwYmR0O3CrviFUw7Vcf1fXAmGZjlClKS2x6/lCs3VL7OiV9eb+Tk34gek6W/L IE/u2VnbMkmlokqn8YbFSTCQpTWFM/gaZCCQRRdZN3GMPB3BhoAobAg4kYwsaAv4KyIDgMbePOnM+IzPcFzhBH2urnCU4Q2O2wv8yrwoR6/C6WTMI1QafYvHwWTmJFD3RLb3SI93RM338Wase1mh6OeJZb2mFVxw+Hc+//6 uyeZY4/FK19SxRwmLo1WTvXsg0b2G09LXji9f8ci5Vn6ZremH/V9SgB76BU3szbjZF7rKNH5298ItxgzI/2/EbqLPppTRtziVX16JOxTGBKcxwOxawig1koXL5Ms5wjgslrqSVOWW+larEIs0YvoWy8gkTWpCQ</latexit ><latexit sha1_base64="kBPpy6MGnxWAeu0jhxFsTTZfe3Q=">AAAChXichVG7SgNBFD1ZX/EdtRFsxBCx CjcivhpFG8uYuCpECbvrJC7ZF7uTgAZ/QLDVwkrBQvwAP8DGH7DIJ4ilgo2FN5sFUTHeZXbOnLnnzpm5umeZgSRqxJSOzq7unnhvX//A4NBwYmR0O3CrviFUw7Vcf1fXAmGZjlClKS2x6/lCs3VL7OiV9eb+Tk34gek6W/L IE/u2VnbMkmlokqn8YbFSTCQpTWFM/gaZCCQRRdZN3GMPB3BhoAobAg4kYwsaAv4KyIDgMbePOnM+IzPcFzhBH2urnCU4Q2O2wv8yrwoR6/C6WTMI1QafYvHwWTmJFD3RLb3SI93RM338Wase1mh6OeJZb2mFVxw+Hc+//6 uyeZY4/FK19SxRwmLo1WTvXsg0b2G09LXji9f8ci5Vn6ZremH/V9SgB76BU3szbjZF7rKNH5298ItxgzI/2/EbqLPppTRtziVX16JOxTGBKcxwOxawig1koXL5Ms5wjgslrqSVOWW+larEIs0YvoWy8gkTWpCQ</latexit >
hNlayer
<latexit sha1_base64="i27iUNBkd2uQUvbIAMb/9FXOC6c=">AAACj3ichVHLSsNAFD3GV3226kZwUywV V+VWBKsLKbrRjVi1WtBSkjhtQ9MkJmmhhv6AP9CFGxVciB/gB7jxB1z4CeJSwY0Lb9OAqFhvmMyZM/fcOTNXsXTNcYmeeqTevv6BwdDQ8Mjo2Hg4MjG575g1WxVZ1dRNO6fIjtA1Q2RdzdVFzrKFXFV0caBU1tv7B3VhO5p p7LkNS+SrcsnQipoqu0zlywVvq+DpckPYzWYhEqME+RH9DZIBiCGIbTNyhyMcw4SKGqoQMOAy1iHD4e8QSRAs5vLwmLMZaf6+QBPDrK1xluAMmdkK/0u8OgxYg9ftmo6vVvkUnYfNyiji9Eg39EoPdEvP9PFnLc+v0fbS4F npaIVVCJ9N777/q6ry7KL8perq2UURKd+rxt4tn2nfQu3o66et192Vnbg3R1f0wv4v6Ynu+QZG/U29zoid8y5+FPbCL8YNSv5sx2+QXUgsJyizGEuvBZ0KYQazmOd2LCGNDWwjy+VP0MIFLqVJKSWtSulOqtQTaKbwLaTNT 82BlUM=</latexit><latexit sha1_base64="i27iUNBkd2uQUvbIAMb/9FXOC6c=">AAACj3ichVHLSsNAFD3GV3226kZwUywV V+VWBKsLKbrRjVi1WtBSkjhtQ9MkJmmhhv6AP9CFGxVciB/gB7jxB1z4CeJSwY0Lb9OAqFhvmMyZM/fcOTNXsXTNcYmeeqTevv6BwdDQ8Mjo2Hg4MjG575g1WxVZ1dRNO6fIjtA1Q2RdzdVFzrKFXFV0caBU1tv7B3VhO5p p7LkNS+SrcsnQipoqu0zlywVvq+DpckPYzWYhEqME+RH9DZIBiCGIbTNyhyMcw4SKGqoQMOAy1iHD4e8QSRAs5vLwmLMZaf6+QBPDrK1xluAMmdkK/0u8OgxYg9ftmo6vVvkUnYfNyiji9Eg39EoPdEvP9PFnLc+v0fbS4F npaIVVCJ9N777/q6ry7KL8perq2UURKd+rxt4tn2nfQu3o66et192Vnbg3R1f0wv4v6Ynu+QZG/U29zoid8y5+FPbCL8YNSv5sx2+QXUgsJyizGEuvBZ0KYQazmOd2LCGNDWwjy+VP0MIFLqVJKSWtSulOqtQTaKbwLaTNT 82BlUM=</latexit><latexit sha1_base64="i27iUNBkd2uQUvbIAMb/9FXOC6c=">AAACj3ichVHLSsNAFD3GV3226kZwUywV V+VWBKsLKbrRjVi1WtBSkjhtQ9MkJmmhhv6AP9CFGxVciB/gB7jxB1z4CeJSwY0Lb9OAqFhvmMyZM/fcOTNXsXTNcYmeeqTevv6BwdDQ8Mjo2Hg4MjG575g1WxVZ1dRNO6fIjtA1Q2RdzdVFzrKFXFV0caBU1tv7B3VhO5p p7LkNS+SrcsnQipoqu0zlywVvq+DpckPYzWYhEqME+RH9DZIBiCGIbTNyhyMcw4SKGqoQMOAy1iHD4e8QSRAs5vLwmLMZaf6+QBPDrK1xluAMmdkK/0u8OgxYg9ftmo6vVvkUnYfNyiji9Eg39EoPdEvP9PFnLc+v0fbS4F npaIVVCJ9N777/q6ry7KL8perq2UURKd+rxt4tn2nfQu3o66et192Vnbg3R1f0wv4v6Ynu+QZG/U29zoid8y5+FPbCL8YNSv5sx2+QXUgsJyizGEuvBZ0KYQazmOd2LCGNDWwjy+VP0MIFLqVJKSWtSulOqtQTaKbwLaTNT 82BlUM=</latexit>
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Fig. 7. Geometric relation of slope sampling (cross), actual
phase sampling (circle) and new phase sampling (square)
interpolation,
φβ,k = I
′
kφ
′
β,k, (16)
where I′k is a sparse bi-linear interpolation matrix for the new
phase grid and has 4n2 non-zero elements as well as Pβ,k (see
2.B).
Now we can define new covariance matrices between the
new phase vector φβ,k′ and the slope s for the altitude hk as
Ξ′q = 〈φ′β,ksTq 〉, and this covariance matrices is a 2RBT matrix
with (n′k + n− 1)2 unique elements. With Eq.(16),
Ξq =
Nlayer
∑
k
Ξq,k =
Nlayer
∑
k
I′kΞ
′
q,k. (17)
The phase-slope covariance matrix Σφβs for LGSs-based AO
systems can be expressed as a multiplication of Nlayer × 2Ngs
2RBT matrices Ξ′q,k and Nlayer sparse interpolation matrices I
′
k.
The number of unique elements is ∑k 2Ngs(n′k + n− 1)2 in 2RBT
matrices, where ∑k is an integration over Nlayer altitudes, and
4Nlayern2 in the sparse interpolation matrices. The compression
factor of Σφβs in LGSs-based systems is given by [∑k(n
′
k + n−
1)2](n+ 1)−2n−2 + 2Nlayer N−1gs (n+ 1)−2. If we assume Ngs = 6
and Nlayer = 9, the compression factor is 6× 10−3 as n = 80
(Fig.5).
If we extend the new phase grid to cover the range of the
layered phase and remove the bi-linear interpolation by I′k, the
layered phase at each altitude can be estimated by the spatio-
angular reconstructor with the 2RBT formulation. This needs
more computation than the directional phase reconstructor, but
can be applicable to MCAO systems.
E. Efficient MVM with 2RBT Matrix
The algorithm to compute efficiently the MVM when the matrix
is 2RBT was originally developed in [17], and later applied to
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WFR in [10]. In this section, we briefly summarize this algorithm
and show how to introduce this algorithm into our tomographic
WFR.
Let us consider a product of a m2 × n2 2RBT matrix T and
a vector x of length n2 i.e. Tx = y, where y is a vector of
length m2. The Toeplitz matrix T has m× n blocks in a Toeplitz
arrangement and each block is a m × n Toeplitz matrix, and
therefore, can be replaced by a vector t containing (n + m− 1)2
unique elements of T. The MVM Tx = y is obtained through
FFT t˜ of t, conveniently denoted by a tilde symbol.
The MVM Tx = y is accomplished by the steps following:
1. a vector x is shuffled into b of length (m+ n− 1)2 according
to the rules:
bµ(i,j) = xk(i,j) (0 ≥ i, j ≥ n), (18)
k(i, j) = in + j, (19)
µ(i, j) = (m + n)(n− 1)− i(m + n− 1)− j, (20)
where elements of b except for µ(i, j) are zero. Defining S1
as a shuffling operator converting x to b, we can rewrite the
step 1 as b = S1x. The size of S1 is (m + n− 1)2 × n2 and
elements indexed with [µ(i, j), k(i, j)] are 1, otherwise 0, and
therefore S1 is a sparse matrix with n2 non-zeros elements.
2. the 1-D FFT of b is computed
b˜ = F [b] (21)
3. the element-wise vector product (represented by ·) of t˜ and
b˜ is computed
c˜ = t˜ · b˜ (22)
4. the inverse 1-D FFT of c is computed
c = F−1[c˜] (23)
5. c is reshuffled into y according to the rules:
yk(i,j) = cµ(i,j) (0 ≥ i, j ≥ m), (24)
k(i, j) = im + j, (25)
µ(i, j) = (m + n)(m + n− 1)
− (i + 1)(m + n− 1)− (j + 1). (26)
In the same way as the step 1, the step 5 can be expressed
as y = S2c with a sparse reshuffling S2 of size m2 × (m +
n− 1)2. The number of non-zeros elements in S2 is m2.
Finally, the computation flow from the step 1 to 5 can be
summarized as follows
y = Tx = S2F−1
[
t˜ · b˜
]
(27)
b˜ = F [S1x]. (28)
The 2RBT MVM consists of two 1-D FFTs (forward and back-
ward), one element-wise vector product and two shufflings (i.e.
two sparse MVM), and hence the number of operation in the
2RBT MVM is (m + n − 1)2[4a log(m + n − 1) + 1] + m2 + n2
instead of (m + n− 1)4 of full MVM, assuming that the number
of operation in the FFT is aN log N with N is the data size, and
that the number of operation in one sparse MVM is equal to the
number of non-zeros elements. The coefficient a depends on the
FFT algorithm choice and has a value of ranging between 4 and
5 typically [18].
2RBT MVM for Slope-Slope Covariance Matrix
We now apply the efficient 2RBT MVM algorithm to the tomo-
graphic computation. With respect to (Σss+Σηη)ζ in Eq.(12), we
focus on Σssζ because in general Σηη is a very sparse matrix due
to the assumption that measurement noise is both temporally
and spatially statistically independent with the computational
cost of Σηηζ being less of an issue. The product of Σssζ is a
concatenation of
Σsisζ =
∑Ngsj (Θxi ,xjζxj +Θxi ,yjζyj )
∑
Ngs
j (Θyi ,xjζxj +Θyi ,yjζyj )
 , (29)
where i = (1, · · · , Ngs). In Eq.(29) each Θp,qζq is a 2RBT MVM.
Defining θp,q as the unique element vector of Θp,q, θ˜p,q as its
FFT and ζ˜q = F [S1ζq], we can rewrite Eq.(29) with the 2RBT
MVM formulation as
Σsisζ =
S2F−1 {∑Ngsj (θ˜xi ,xj · ζ˜xj + θ˜xi ,yj · ζ˜yj )}
S2F−1
{
∑
Ngs
j (θ˜yi ,xj · ζ˜xj + θ˜yi ,yj · ζ˜yj )
}
 . (30)
In an actual computation, ζ˜q = F [S1ζq] is computed first
for all q and reused repeatedly in the following steps to avoid
redundant computations. Moreover, thanks to the linearity
of the FFT, the inverse FFT and the reshuffling in the step 4
and 5 of the algorithm can be performed in the end after the
summation for j, as already shown in Eq.(30), to reduce the
number of the FFT. As a result, the MVM of Σssζ consists of
2Ngs forward and backward 1-D FFTs with length (2n − 1)2,
4N2gs element-wise vector product with length (2n− 1)2, 2Ngs
shuffling and reshuffling, and the total required number of op-
erations in Σssζ is 4Ngs{(2n− 1)2[2a log(2n− 1) + Ngs] + n2}
instead of 4N2gsn4 of the full MVM. The reduction factor in the
number of operations, which is a ratio of the number of oper-
ation for the 2RBT MVM to one for the full MVM, for Σssζ is
{(2n− 1)2[2a log(2n− 1) + Ngs] + n2}N−1gs n−4, shown in Fig.8
(solid line), and 8× 10−3 as n = 80 and a = 5.
2RBT MVM for Phase-Slope Covariance Matrix
In a NGSs-based case, Σφβsζ in Eq.(13) can be formulated to the
2RBT MVM in the same way as Σssζ,
Σφβsζ = S2F−1

Ngs
∑
j
(ξ˜xj · ζ˜xj + ξ˜yj · ζ˜yj )
 , (31)
where ξq is a unique elements vector of Ξq and ζ˜q = F [S1ζq].
This formulation contains 2Ngs forward FFTs and 1 backward
FFT with length 4n2, 2Ngs element-wise vector product with
length 4n2, 2Ngs shuffling and 1 reshuffling, and the total re-
quired number of operations is 2Ngs[4n2(2a log 2n + 1) + n2] +
8n2 log 2n+ (n+ 1)2 instead of 2Ngs(n+ 1)2n2 of the full MVM.
The reduce factor is shown by the dashed line in Fig.8 and
4× 10−2 as n = 80 and a = 5.
In LGSs-based AO systems, the number of phase points on
the new grid n′k is different depending on altitudes and, there-
fore the shuffling and reshuffling operator S1 and S2 should
be defined for each altitude like S1,k and S2,k. This means that
Σφβsζ requires to compute 2RBT MVMs separately for each alti-
tude followed by the interpolation. The 2RBT MVM formulation
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Fig. 8. Reduction factor of the number of operations required
for Σssζ (solid line) and Σφsζ (the dashed line for NGSs case
and the dotted line for LGSs case) as function of the number
of subapertures across telescope diameter, assuming Ngs = 6,
Nlayer = 9 and n′ = 1.2n (hlgs = 90 km and hNlayer = 16 km).
The coefficient for the FFT is assumed a = 5.
for Σφβsζ with LGSs is
Σφsζ =
Nlayer
∑
k
I′kS2,kF−1

Ngs
∑
j
(ξ˜′xj ,k · ζ˜xj ,k + ξ˜′yj ,k · ζ˜yj ,k)
 .
(32)
The forward FFT ζ˜q,k = F [S1,kζq,k] should also be computed
for each altitude because of the different n′k depending on the
altitudes unlike Σss and Σφβs for a NGSs case, and it causes a
huge computational complexity even more than the complexity
of the full MVM.
In order to avoid this issue, all n′φ,k should be set to the same
value n′, where n′ = n′φ,Nlayer (n
′
k at the highest altitude hNlayer )
to cover the all original phase points at all altitudes. This causes
extra phase points for lower altitude layers (see Fig.7) but we can
use the same shuffling and reshuffling operator for all altitudes
and ζ˜q,k = F [S1ζq,k] is needed to be computed just once. The
number of non-zero values in I′k and I
′
kS2 are the same because
S2 just shuffle the order of rows of I′k, and hence we can pre-
compute I′kS2 offline. Then, the required computations for one
Σφβsζ in LGSs-based system with the 2RBT formulation are 2Ngs
forward FFTs with length (n′ + n− 1)2, 2Ngs × Nlayer element-
wise vector products with length (n′ + n− 1)2, Nlayer backward
FFT with length (n′ + n− 1)2, 2Ngs shuffling and Nlayer inter-
polation (including reshuffling). The total number of operation
is 2(n′ + n− 1)2[(2Ngs + Nlayer)a log(n′ + n− 1) + Ngs Nlayer] +
2Ngsn2 + 4Nlayer(n + 1)2. The reduce factor is shown by the
dotted line in Fig.8 and 0.1 as n = 80, a = 5 and n′ = 1.2n
(assuming hlgs = 90 km and hNlayer = 16 km).
F. Non-square aperture, mode removal and noise-weighted re-
construction for elongated LGS spots
Non-square aperture
Although the discussion above assumes a square aperture, aper-
tures have generally more complicated shapes such as circular
and annular thus vignetting a portion of subapertures and phase
points (shown in Fig.2). These need to be removed from the to-
mographic WFR.
The number of valid subapertures and phase points at the
aperture-plane are denoted by nvs and nvφ, respectively. To take
into account the effect of the non-square aperture in our 2RBT
formulation, we introduce a sparse aperture masking matrix
Ws,i with size 2nvs × n2 for i-th WFS measurements. Only 2nvs
elements in Ws,i are 1 and otherwise 0 to extract valid mea-
surements (in x and y directions) from vectors. With Ws,i, we
redefine the vignetted noisy measurement as
sαi ,η =Ws,i(sαi + η). (33)
The noisy measurements sαi ,η contains only nvs valid measure-
ments, wheres sαi and η are defined with a full square aperture.
Denoting Ws as the diagonal block matrix of all Ws,i and Wφ
as an aperture matrix for phase points, we can write the spatio-
angular reconstruction in Eq.(12) and Eq.(13) as
Ws
(
Σsαsα + Σηη
)
ζW = sαi ,η (34)
φ̂βi =WφΣφβi sαi ζW , (35)
where ζ is replaced by ζW =Wsζ.
Although this formulation requires additional computations
involving Ws and Wφ, the vignetted measurements are totally
removed from the tomographic WFR whilst keeping the Toeplitz
structure of the covariance matrices. For Eq.(34), Σssζ is replaced
by WsΣssζW , and the required number of additional operations
is 2Ngsnvs, which is less than 1 % of that in a 2RBT MVM of
ΣssζW . For Eq.(35), Σφβsζ is replaced by WφΣφβsζW , and only
nvφ additional operations are needed for the non-square aper-
ture. Therefore, this aperture operation doesn’t affect the total
computational complexity.
Mode removal
When using LGSs, tip, tilt and focus modes are not measur-
able and are supplemented by low-order NGS(s) measurements.
Under a split tomography control approach [11], these modes
should be removed from the measurement and consequently
from the reconstruction.
Let us introduce Zs,i as a tip/tilt/focus modal matrix for i-th
WFS. Each column of Zs,i contains a vectorized mode defined
with the non-vignetted valid subapertures. The size of Zs,i are
2nvs × 3. The tip/tilt/focus projection matrix is given by ZsiZ†si
[13], where † means pseudo inverse. Then, the mode removal
matrix Ms,i for i-th WFS measurement is
Ms,i = I − ZsiZ†si , (36)
where I is the identity matrix of appropriate size. The block di-
agonal matrix containing all Ms,i is denoted Ms and the removal
matrix in phase space is denoted by Mφ with size nvφ × 3.
The mode removal is actually performed in the same way
as the aperture masking by replacing Ws, Wφ and ζW in
Eq.(34) and Eq.(35) with MsWs, MφWφ and ζMW = MsζW .
In MsWsΣssζW , the additional computations due to the mode
removal are Ngs of two MVMs with Zsi and Z
†
si in Ms,i. The
modal matrices and its pseudo inverse are not sparse yet very
low-rank, and therefore the mode removal should not affect
the total computational complexity. The required number of
additional operation due to the mode removal are 6Ngsnvs for
the slope-slope covariance MVM and 3nvφ for the phase slope
covariance MVM.
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Noise-weighted reconstruction for elongated LGS spots
The elongation of LGS spots on SH-WFS causes additional dif-
ferential noise depending on the subaperture positions with
respect to the laser launch telescope and a cross-correlation term
between x- and y-slope in every subaperture. This should be
taken into account in the noise covariance matrix. The latter is
a diagonal matrix in the NGS case and turns into a 2×2 block
diagonal matrix in the LGS case, which is still a sparse matrix.
This difference in the noise covariance doesn’t affect the Topelitz
nature of the other covariance matrices.
G. Iterative algorithm
We have used standard iterative algorithms for the class of prob-
lems we are dealing with [19, 20]. We tested in particular the
Conjugate Gradient (CG), minimum residual method (MINRES)
and bi-conjugate gradient stabilized method (BICGSTAB). All
these methods were run without pre-conditioning, although
suitable formulations could be thought of provided the structure
of the operations involved [21, 22].
3. PERFORMANCE COMPARISON ON A 8 M TELE-
SCOPE AO SYSTEM
As a first comparative illustrative case, we compare the per-
formance of the Toeplitz-based reconstructor to a sparse-based
reconstructor using both Monte Carlo simulations obtained with
the Object-Oriented Matlab AO simulator (OOMAO) [23] to the
results from the analytic expression for the statistical wave-front
error (WFE)
σ2β =
〈∣∣∣∣∣∣φβ − φ̂β∣∣∣∣∣∣2L2(Ω)
〉
(37)
= Trace
(
Σφβφβ − RβΣsαφβ − ΣφβsαRTβ + RβΣsαsαRTβ
)
+ Trace
(
RΣηηRT
)
(38)
= σ2β,tomo + σ
2
β,noise (39)
where σ2β,tomo is the tomographic WFE depending on an asterism
of GSs and the turbulence model assumed in the reconstructor
and σ2β,noise is the noise propagation through the reconstructor.
Here, we assume a tomographic system with parameters
given in Table 1; the projection onto DM, being a common step
Telescope Aperture Diameter: D = 8 m
Central Obstruction: 30%
Zenith angle: z = 0 degree
Guide stars 3 NGSs or LGSs at 90 km
Asterism radius: 10–50 arcsec
WFS 3 Shack-Hartmanns
16× 16 subapertures/WFS
Atmosphere Fried parameter: r0 = 0.15 m
Outer scale: L0 = 25 m
Altitudes: [0, 5, 10] km
C2N fraction [0.5 0.25 0.25]
Control Open-loop
no temporal-delay
Table 1. Parameters for analytical computation and simulation
used in Section 3.
to all methods, is not taken into account at this time. Three guide
stars are placed on a triangle with varying radius (separation
from the center), and the WFE is evaluated only for the on-axis
direction, β = (0, 0). For a LGSs-case, the low-order modes
removal is taken into account.
For the Toeplitz-based methods we investigate the impact
of the gradient model: we compare an accurate, non-sparse
model whose definition is more conveniently done in the spatial-
frequency domain (therefore the FFT model) to sparse discrete
approximations further developed in Appendix A. The gradi-
ent model in the analytic expression (i.e. Σsφ, Σsφ and Σφs in
Eq.(38)) is assumed to be the FFT model which is the most accu-
rate; only in the reconstructor this model is subject to change.
The left panel of Fig.9 shows σ2 for a NGSs-based tomo-
graphic system as function of the asterism radius. The lines
in Fig.9 presents analytic WFE from Eq.(37) and the points
show the WFE from the numerical simulation. First, the an-
alytic lines match well the simulation results, indicating that the
FFT-gradient model is accurate enough for a reference slope in
a NGS-based case. As for the gradient models of the Toeplitz-
based method, the actual FFT model gives the best performance
for all GS asterisms as expected. The Fried model gives worse
performance than the Hudgin-like model, even though a slope
is defined with more points in the Fried model than the one
in the Hudgin-like model. This is because the Fried model is
affected by unseen modes such as waffle (see Appendix). In
fact, we need to boost a regularization for the Fried model (i.e.
assuming larger Σηη in Eq.(12) even without noise) compared to
other models to optimize its performance. The sparse method
is slightly worse than the Toeplitz with the FFT model due to
the sparse approximation of the regularization term Σ−1ϕϕ ≈ LTL
and the limited spatial sampling of the layered phase assumed
in the reconstructor, which is set to d/2 in this case.
In the analytic WFE, the noise propagation term σnoise
slightly increases with the asterism radius but its contribution
to the total WFE is much smaller than the tomographic WFE
(σ2β,tomo =30 nm and 50 nm at asterism radius of 5 and 55 arcsec,
respectively), and there is no clear difference in the noise propa-
gation between the reconstructors. Therefore, the total WFE σ in
Fig.9 is dominated by the tomographic WFE σtomo.
The right panel of Fig.9 shows the quadratic WFE difference
from the Toeplitz method with the FFT gradient model to pro-
vide more detail on the performance comparison. The quadratic
difference in WFE of the Hudgin and Fried gradient models
with respect to the FFT model are almost constant with asterism
radius, which are around 35 nm and 70 nm, respectively.
In addition to the sparse reconstructor with the approximated
regularization LTL, the sparse one with the non-approximated
regularization Σ−1φφ (of Fig.9) are plotted in Fig.9 (the triangles
and the dot-dashed line in the right panel) to distinguish the im-
pact of the sparse-approximated regularization and the limited
spatial sampling of the layered phase in the sparse reconstructor.
The performance of the sparse reconstructor with LTL worsens
with asterism radius compared to the Toeplitz method with the
FFT model, whereas the non-approximated sparse reconstructor
are degraded by 25 nm constantly over the asterism. This indi-
cates that the sparse regularization term that under-regularizes
curvature-free modes [24] has impact on the tomography per-
formance especially for larger asterisms. On the other hand, the
impact of the limited sampling is constant over altitude. If we in-
crease the spatial sampling for the sparse reconstructor to reduce
the impact of the limited sampling, the performance of the sparse
Research Article Journal of the Optical Society of America A 9
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reconstructor converges to one of the FFT model. However, in
this case, the computational advantages of the sparse reconstruc-
tor are dimmed because more calculations are required.
The result for LGSs-based tomography case is shown in
Fig.10. Since the non-approximated Σφs for a LGSs-based case
cannot be computed with the FFT gradient model due to the
non-uniformity of the spatial sampling of the measurement over
altitudes caused by the cone effect, the result from the simu-
lation is plotted for the LGSs case. Although the Hudgin and
Fried gradient model are constantly worse than the FFT gradient
model as with the NGSs-based case in Fig.9, the WFE with the
sparse-based reconstructor with the actual regularization term
is better than one of the Toeplitz method with the FFT model.
We interpret this as a result of the additional interpolation in
the Toeplitz method, P′k in Eq.(32), to keep the Toeplitz struc-
ture in Σφs for a LGSs-based case. For asterisms larger than
∼ 20 arcsec, a larger effect on performance of the approximated
regularization term in the sparse reconstructor is observed with
the Toeplitz-based reconstructor outperforming the sparse re-
constructor under these conditions.
Next, we discuss the robustness of the reconstructor with
respect to turbulence conditions. The tomographic error σ2tomo
in Eq.(39) can be expressed as the linear combination of the
tomographic error caused at different altitudes
σ2β,tomo =∑
k
C2n(hk)ε
2
β,tomo(hk), (40)
where e2tomo(hk) is a normalized tomographic WFE computed
with C2n(hk) = 1, referred to as vertical error distribution
(VED)[25]. The VED corresponds to the estimation capability of
the reconstructor as a function of altitude.
Fig.11 shows the VED with different gradient models and
reconstructors. The reconstructors assume the turbulence model
in Table 1 and the tomographic WFR is done with three NGSs.
There are three hollows at 0, 5 and 10 km on the VEDs which in-
dicate that the reconstructors, except for the Fried model, reduce
aberrations effectively at the altitudes assumed in the reconstruc-
tors. At the ground, the Toeplitz method with the FFT model
is better than any other reconstructors, and this is the reason
why the FFT model gives the best performance in Fig.9. The
performances of the Fried model at altitudes larger than 2 km
are poorer than any others because of the unseen waffle mode.
The Toeplitz reconstructor with the Hudgin-like model has
the flattest VED profile between the corrected hollows, which
means it is the most robust to turbulence layers height variability.
Unlike the Fried model, the Hudgin-like model is not affected
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by the high-spatial frequency waffle mode. In the other words,
the Hudgin-like model can intrinsically filter out the problem-
atic modes. We interpret this such as the filtering feature of the
Hudgin-like model also works for the unexpected turbulence
layers and results in the good robustness of the Hudgin-like
model. Conversely, if we boost the regulalization term in the re-
constructor, the robustness curve becomes flatter, i.e. the εtomo(h)
increases at the reconstructed altitudes (0, 5, 10 km in this case)
but decreases in-between.
The sparse methods are almost as sensitive to the turbulence
altitudes as the Toeplitz reconstructor, with further robustness
limitations stemming from the coarse spatial sampling of the
phase and the regularization.
4. PERFORMANCE FOR HARMONI ON THE ELT
We now turn our attention to the case of HARMONI, a visible
and near-infrared (VIS/NIR) integral field spectrograph (IFS),
providing the ELT 37 m diameter telescope’s core spectroscopic
capability. It is designed to be assisted by a LTAO system with 6
LGSs and the deformable M4 mirror on ELT.
Table 2 shows the set up of the HARMONI LTAO system sim-
ulations. We assume that the WFSs are noise-free and there is
no LGS spot-elongation on the WFS detector. Optimization with
respect to the LGS spot elongation for the HARMONI LTAO
system will be discussed in the different paper [26]. We assume
the DM has actuators with the Fried geometry, which is different
from the actual M4 configuration. Two turbulence profiles used
for the assessment are shown in Fig.12. The Fried parameter
is 0.1275 m at z = 45 degrees and the outer scale is 25 m. The
anisoplanatic angles θ0 for 35 and 9 layers profiles are 2.5 arcsec
and 2.81 arcsec, respectively, and τ0 are 8.21 msec and 8.23 msec,
respectively. The LTAO system is controlled with a split to-
mographic approach. The tip, tilt and focus are controlled in
closed-loop with an on-axis NGS observed by a 2×2 WFSs in
H-band. We focus only on the high-order correction here. The
low-order modes removal in Section 2.F is taken into account in
the reconstruction.
A. LTAO Performance with different algorithm and iterative
solvers
The convergence property of different iterative solvers is now
investigated. The FFT gradient model is used for the Toeplitz
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method. Fig.13 shows the convergence curve of the residual
WFE with different cold-started algorithms (i.e. we start from
the uncorrected wave-front measurement, not a, hopefully close,
previous guess) and open-loop measurements. While the con-
vergence rate of the Toepliz method is independent from the
number of reconstructed layers, the sparse method needs a larger
number of iterations when the number of estimated layers in-
creases. For the Toeplitz method, the MINRES algorithm is
slightly more stable than the BICGSTAB. The CG algorithm
doesn’t converge with the Toeptliz method, which is not plot-
ted in Fig.13. For the sparse algorithm, the CG solver shows
the fastest convergence in three solvers followed by BICGSTAB
and MINRES solvers. In the 35 layers case, the sparse method
never achieves the residual WFE given by the Toeplitz method
because of the poor convergence of some low-order modes like
astigmatisms. In the remainder of this paper, MINRES and CG
are used for the Toeplitz and sparse methods, respectively.
Fig.14 and Table 3 show the LTAO performance for a given
number of solver iterations evaluated from a long exposure
simulation (1000 frames corresponding to 2 s) using warm start
(i.e. iterative solvers start from the previous guess) and pseudo
open loop control (POLC). For both of the 9 and 35 layers cases,
the WFE curves of the Toeplitz algorithm is almost flat beyond
roughly 25 solver iterations, with only a slight performance im-
provement, less than 1 nm, from 25 iterations to 50 iterations. On
the other hand, the sparse algorithm shows certain performance
improvement even with more than 25 iterations. Previous work
reported that 30 CG iterations is enough for POLC split tomogra-
phy with the sparse tomographic algorithm for a 30 m telescope
case [11]. Although TMT’s system complexity is different from
our LTAO case, the required number of solver iterations is con-
sistent with each other. The relative performance gains by the
Toeplitz method compared with the sparse method are 30 nm
and 54 nm with 50 solver iterations for 9 and 35 layers case,
respectively, in quadratic WFE.
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Telescope Aperture Diameter: D = 2R = 37 m.
Central Obstruction: 30%.
Zenith angle: z = 45 degree.
Guide star
High-order 6 LGSs at hlgs =90 km/z.
Hexagonal asterism with a radius of R/hlgs.
assumed as point sources.
Low-order 1 tip/tilt/focus sensing on-axis NGS.
WFS
High-order 6 Shack-Hartmann WFSs.
74× 74 subapertures/WFS.
subaperture diameter: d = 0.5 m.
working at 589 nm.
assumed as noiseless.
Low-order 1 Shack-Hartmann WFSs.
2× 2 subapertures/WFS.
working at H-band.
assumed as noiseless.
DM 75× 75 Fried geometry DM.
Conjugation height: 0 km
Atmosphere Fried parameter: r0 = cos5/3(z)0.157 m.
Outer scale: L0 = 25 m.
Number of layers: Nlayer = 9, 35.
Altitude and C2N fraction shown in.
Control Split control.
High-order Pseudo open-loop (POL).
POL gain: 0.5
Frame rate: 500Hz.
Low-order Closed-loop.
CL gain: 0.5
Frame rate: 500Hz.
Table 2. Parameters for numerical simulation used in Section
4.
B. Number of operations for reconstruction
The performance shown above in turn is counter-balanced by
the actual number of operations (measured in terms of multiply-
and-accumulate (MAC) operations) of the sparse-based methods.
Fig.15 shows such a metric for the two cases explored above with
9 and 35 estimated layers.
For the computation of the total number of operations, we
assume that the number of operations required for one FFT is
5N log N and that the number of operations for one MVM with
a sparse matrix is equal to the number of non-zero elements
in the sparse matrix. A MVM for the fitting step is taken into
account, where the size of the fitting matrix is (number of valid
DM actuators)×(number of reconstructed phase points).
As Nlayer = 9 the computational complexity of the Toeplitz
method is larger than one of the sparse method as Nlayer = 9.
On the other hand, the difference between the Toeplitz method
and the sparse method is much smaller than one as Nlayer = 9.
This indicate that the Toeplitz method is less dependent on the
number of reconstructed layers than the sparse method.
As a comparison, we also plot the number of operation for
a simplest tomographic reconstruction with a direct MVM, in
which case the reconstruction is done by one MVM using a
full matrix consisting of the fitting matrix and a pre-computed
reconstruction matrix (e.g. computing Eq.(5)). It should be
noted that the direct MVM reconstruction needs generally a
huge off-line computation to invert a large covariance matrix
Σs0s0 with a computational complexity of (2Ngsn)
3. From a pure
computational burden point of view, only 4 solver iterations
are allowed for the Toeplitz method to compete with the direct
MVM reconstruction in term of the number of operations, which
is not enough to maximize LTAO performance according to
Fig.14. This however needs to be assessed on actual hardware
which exploits locality and memory re-use.
# of solver WF WFE
iterations (9 layers) (35 layers)
[nm] [nm]
Toeplitz 25 164.34 174.49
Toeplitz 50 163.39 174.01
Sparse 25 169.68 190.74
Sparse 50 166.17 182.32
Table 3. Simulation results comparison for the two classes of
iterative methods.
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5. REAL TIME READINESS
MMSE-based iterative reconstructor are rarely used in real-
time applications. The main obstacle to these algorithms more
widespread use is their iterative nature. A real-time AO system
would require the estimation of the wave-front to be done in
typically less than 2 ms. Because an iterative method takes sev-
eral iterations to converge, meeting the latency requirement of a
real-time system with an iterative algorithm is easier said than
done. Another difficulty is that the parallelization of iterative
algorithms is not as straightforward as a the parallelization of a
simple MVM based reconstructor.
For a NGS-based SCAO system, the real-time performance
is evaluated by R. Conan [10] using parallelization with GPU
(NVIDIA Tesla M2090) and CUDA. The Toeplitz method can
achieve a WFE of 82 nm with 16 MINRES solver iterations for
a SCAO system with a SH-WFS having 84×84 subapertures
and D = 42 m. It takes 3.75 ms for one WFR. If the number of
MINRES solver iterations is set such the runtime is less than
2 ms, the achieved WFE becomes slightly worse to 92 nm with 8
solver iterations.
The Toeplitz method is then applied to a LTAO system on a
25 m diameter telescope with 6 LGSs evenly located 30 arcsec
off-axis and 6 60×60 SH-WFS. At cold start, where MINRES
iteration starts with a zero initial guess, the system converges
with 141 iterations in 71 ms to a WFE RMS of 115 nm. At warm
start [27], the number of iterations is reduced to 70 in 36 ms.
Here the iterative solver uses as initial guess the wave-front
2 ms before. If the the iterative solver uses as initial guess the
wave-front 1 ms before, then the algorithm converge in 25 ms
with 46 iterations.
In this section, it has been shown that the Toeplitz method
is real time ready for some SCAO systems but need further
improvements to be usable for LTAO systems.
6. CONCLUSION
We have provided an efficient implementation of an exact tomo-
graphic reconstruction method (with respect to a MMSE cost
functional) that exploits the Toeplitz nature of the spatio-angular
reconstructor formulation. This work expands that of Conan [10]
to the multi-wave-front, tomographic case using natural and
laser guide stars.
Salient features of spatio-angular reconstructors for NGS
LTAO/MOAO/GLAO systems are the independence from the
number of estimated layers and the fast convergence rate us-
ing the MINRES algorithm. When using LGSs however, extra
calculations are needed involving interpolation at pre-defined
layer heights to keep the Toeplitz structure of the matrices. This
makes the method usable also in MCAO with the caveat that the
calculations depend explicitly on number of estimated layers.
Regarding specifically LTAO systems on the European ELT,
performance with the Toeplitz algorithm is enhanced by∼ 60 nm
rms with improved robustness to altitude variations (Fig. 11)
with respect to sparse-based tomography. However, the addi-
tional interpolation steps needed in the adaptation to the LGS
case to conserve the Toeplitz structure involving both planar and
spherical wave-propagation (§E) leads to a number of operations
after convergence that can be of the order of or greater than that
we would realize with a direct MVM reconstruction. Albeit, the
covariance matrices can be evaluated very rapidly with a mini-
mal memory footprint. The implementation provided avoids the
inversion of any large matrices which is particularly appealing
for physical-optics Monte Carlo simulations.
An optimized implementation on a multi-GPU architecture
shows that the Toeplitz method can exploit very efficiently fea-
tures of this architecture but the number of iterations required
for suitable performance is beyond what a real-time system
can accommodate to keep up with the time-varying turbulence.
At this stage, accelerating the convergence by preconditioning
the system of linear equations remains a challenge: we hope
interested readers can develop the necessary means to further
accelerate the algorithm’s convergence rates.
Although not discussed in this paper another possible appli-
cation of the Toeplitz method is to compute the reconstructor
Rϕβ offline by solving ΣsαsαRϕβ = Σϕβsα one column at a time
using the 2RBT MVM. It needs to be investigated whether this
method meets the offline update rate requirements (e.g. 10 s or
so).This matrix inversion with the Toeplitz method can also be
applied to the analytic evaluation (solving Eq.(38)) for large-scale
systems.
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A. THEORETICAL DERIVATION OF COVARIANCE MA-
TRIX
A. FFT slope model
In this Appendix, we explain theoretical models for SH-WFS
gradient measurement. SH-WFSs with n× n subapertures pro-
vide phase gradients averaged over a subaperture centred at ri
i.e.
sx(ri) =
λ
2pid2
∫
∂φ
∂x
(u)Π
(
u− ri
d
)
du, (41)
whereΠ(x) is a rectangular function which is 1 for |x| ≤ 1/2 and
0 otherwise, d is a subaperture diameter and λ is an observing
wavelength.
A covariance of two slopes with a separation r = rj − ri on
the pupil is given by
Σsxsx (r) = 〈sx(ri)sx(rj)〉
=
(
λ
2pid2
)2 ∫∫ 〈 ∂φ
∂x
(u)
∂φ
∂x
(v)
〉
Π
(
u− ri
d
)
Π
(
v− ri
d
)
dudv.
(42)
By considering the inverse Fourier transform of Σss(rj − ri), we
get the slope-slope covariance for a single layer at altitude hk
with
Σsxsx ,k(r) =F
{
λ2 fx fxΦφ( f )H2( f )
× exp[−2ipihk( fxδαx + fyδαy)]
}
(r),
(43)
where f = ( fx, fy) is a spatial frequency, Φφ( f ) is a phase power
spectral density and
H( f ) = sinc(d fx)sinc(d fy). (44)
The phase power spectral density Φφ( f ) of the von-Karman
power spectrum is given with the Fried parameter r0 and the
outer scale L0 as
Φφ( f ) = 0.029r−5/30
(
|| f ||2 + 1L20
)−11/6
. (45)
The last exponential term in Eq.(43) represents the shift of
the pupil projected at hk due to the angular separation δα =
(δαx, δαy) of two guide stars in the Fourier domain. A covari-
ance value induced by the multiple layers is a sum of the single
layer covariances. The rest of the slope-slope covariances, Σsysy ,k
and Σsxsy ,k = Σsysx ,k, are obtained by replacing fx fx into fy fy
and fx fy in Eq.(43), respectively.
With the same way, the phase-slope covariance for a single
layer is given by
Σφsx ,k(r) = 〈φ(ri)sx(rj)〉
= F {−iλ fxΦφ( f )H( f )
× exp[−2ipihk( fxδαx + fyδαy)]
}
(r),
(46)
and Σφsy ,k is obtained by replacing the first fx into fy in Eq.(46).
Since there is no discrete assumption, the FFT model provides
an accurate covariance value. However, in actual computation,
the FFT covariance model is computed by the FFT, and its actual
accuracy depends on the sampling of the FFT. In order to get
better performance, this model needs more sampling in the FFT,
i.e. requires more computations, which will be relatively heavy
computation especially for future ELTs cases.
Fig. 16. Hudgin-like slope model
B. Hudgin-like model
Although the FFT slope model provides an accurate covariance
value, its computation is relatively heavy especially for future
ELTs cases. In order to reduce the computational burden to
compute the covariance matrices, two discrete-approximated
slope model have been proposed.
One of the approximated slope models is developed in [8],
referred to as Hudgin-like slope model in this paper. As shown
in Fig.16, a slope approximated as a phase difference between
two points on the edges of the subaperture as
sx(ri) =
λ
2pid
(φA − φC)
sy(ri) =
λ
2pid
(φB − φD),
(47)
and
φA = φ
(
ri +
dx
2
)
, φB = φ
(
ri +
dy
2
)
,
φC = φ
(
ri − dx2
)
, φD = φ
(
ri −
dy
2
)
,
(48)
where dx = (d, 0) and dy = (0, d).
Considering the definition of the phase structure function
Dφ(r) = 〈[φ(x)− φ(x+ r)]2〉 (49)
and the equality of 2(A− a)(B− b) = −(A− B)2 + (A− b)2 +
(a − B)2 − (a − b)2, we have a slope-slope covariance of the
Hudgin-like slope model for a single layer at hk as
Σsxsx ,k(r) =
1
2
(
λ
2pid
)2
×
[−2Dφ(∆k) + Dφ(∆k + dx) + Dφ(∆k − dx)],
(50)
where ∆k = r+ hkδα,
Σsxsy ,k(r) = Σsysx ,k(r) =
1
2
(
λ
2pid
)2
×
[
Dφ(∆k +
dx
2
+
dy
2
)− Dφ(∆k − dx2 +
dy
2
)
−Dφ(∆k + dx2 −
dy
2
)− Dφ(∆k − dx2 −
dy
2
)
] (51)
and Σsxsx ,k(r) is got by replacing dx into dy in Eq.(50).
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The phase-slope covariance is given by
Σφsx ,k(r) =
λ
4pid
×
[
Dφ
(
∆k − dx2
)
− Dφ
(
∆k +
dx
2
)] (52)
and Σφsx ,k(r) is got by replacing dx into dy in Eq.(52).
The structure function is given for the von-Karman turbu-
lence [16] by
Dφ(r) =0.17253
(L0
r0
)5/3
×
[
1− 2pi
5/6
Γ(5/6)
(
r0
L0
)5/6
K5/6
(
2pir
L0
)]
,
(53)
where K is a modified Bessel function of the second kind.
The Hudgin-like covariance model can be computed effi-
ciently compared to the FFT covariance model, but a slope is
model by only two discrete points and it is reported that the auto-
covariance value of the Hudgin-like model is slightly smaller
than a value of the FFT model [8]. This difference would affect
the WFR performance.
C. Fried model
Another approximated slope model is defining a slope with
4 phase points on the corners of the subaperture as shown in
Fig.17, and this is will-known Fried slope model,
sx(ri) =
λ
2pid
(φa − φb − φc + φd)
2
sy(ri) =
λ
2pid
(φa + φb − φc − φd)
2
(54)
and
φa = φ
(
ri +
dx
2
+
dy
2
)
, φb = φ
(
ri − dx2 +
dy
2
)
,
φc = φ
(
ri − dx2 −
dy
2
)
, φd = φ
(
ri +
dx
2
− dy
2
)
.
(55)
With the similar computation to the Hudgin-like slope model,
we have slope-slope covariance values of the Fried slope model
Fig. 17. Fried slope model
as
Σsxsx ,k(r) =
1
2
(
λ
4pid
)2
× [−4Dφ(∆k) + 2F1 − 2F2 + F3 + F4] (56)
Σsysy ,k(r) =
1
2
(
λ
4pid
)2
× [−4Dφ(∆k)− 2F1 + 2F2 + F3 + F4] (57)
Σsxsy ,k(r) =
1
2
(
λ
4pid
)2
(F3 − F4), (58)
where
F1 = Dφ(∆k + dx) + Dφ(∆k − dx)
F2 = Dφ(∆k + dy) + Dφ(∆k − dy)
F3 = Dφ(∆k + dx + dy) + Dφ(∆k − dx − dy)
F4 = Dφ(∆k + dx − dy) + Dφ(∆k − dx + dy).
(59)
The phase-slope covariances are given by
Σφsx ,k(r) =
λ
8pid
(−F5 + F6 + F7 − F8), (60)
Σφsy ,k(r) =
λ
8pid
(−F5 − F6 + F7 + F8), (61)
and
F5 = Dφ
(
∆k +
dx
2
+
dy
2
)
F6 = Dφ
(
∆k − dx2 +
dy
2
)
F7 = Dφ
(
∆k − dx2 −
dy
2
)
F8 = Dφ
(
∆k +
dx
2
− dy
2
)
(62)
This model also provides the faster covariance computation
than the FFT model. Compared to the Hudgin-like model, the
Fried model needs more computation than the Hudgin-like
model, but would give more realistic value because a slope
is defined by four points instead of two points. However, one
concern about the Fried model is that the Fried slope model
suffers from an unseen mode with high spatial frequency, so-
called waffle error or checker board error [28, 29]. This error can be
constrained by regularization, but has an impact on WFR.
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